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STABLY FINITE EXTENSIONS OF RANK-TWO GRAPH C∗-ALGEBRAS

ASTRID AN HUEF, ABRAHAM C.S. NG, AND AIDAN SIMS

Abstract. We study stable finiteness of extensions of 2-graph C∗-algebras determined by
saturated hereditary sets of vertices. We use two iterations of the Pimsner–Voiculescu sequence
to calculate the map in K-theory induced by the inclusion of a hereditary subgraph into the
larger 2-graph it lives in. We then apply a theorem of Spielberg about stable finiteness of
extensions to provide a sufficient condition for the C∗-algebra of the larger 2-graph to be stably
finite. We illustrate our results with examples.

1. Introduction

In this paper we investigate when the C∗-algebra of a row-finite 2-graph with no sources is
stably finite by applying a theorem of Spielberg [21] about stable finiteness of extensions of
C∗-algebras.

A C∗-algebra A is stably finite if no matrix algebra over A contains a partial isometry whose
initial projection strictly dominates its final projection. This yields an easy sufficient condition
for stable finiteness: if A admits a faithful trace, then it is stably finite. This has been exploited
in a number of analyses of C∗-algebras arising from dynamical systems that are minimal in a
suitable sense [3, 5, 17]—the idea is to identify an order-theoretic property in K-theory that
guarantees the existence of infinite projections, then show that in the absence of this condition
the C∗-algebra admits a nonzero tracial state, and then use minimality to show that this trace
must be faithful.

A motivating example for us is the class of C∗-algebras associated to higher-rank graphs or
k-graphs. A k-graph Λ is like a k-dimensional directed graph; it is made up of k ordinary
directed graphs (distinguished by k different colours) sharing a common vertex set Λ0, together
with factorisation rules that organise pairs of bi-coloured paths into commuting squares. The
associated C∗-algebra C∗(Λ) is generated by copies of the graph C∗-algebras of each of the k
singly-coloured subgraphs subject to commutation rules between generators that correspond to
the factorisation rules. The Cuntz–Krieger relations for the k subgraphs determine equivalences
between projections in matrix algebras over the k-graph C∗-algebra C∗(Λ). This leads to a
natural necessary condition on the adjacency matrices of the subgraphs, for stable finiteness of
C∗(Λ) [5, Proposition 3.1]. The main result of [5] is that if Λ is cofinal (which is equivalent to
minimality of an underlying groupoid [9]) and satisfies the matrix condition mentioned above,
then there exists a faithful graph trace [13] on Λ, and therefore a faithful trace on C∗(Λ). It
follows that the matrix condition is necessary and sufficient for stable finiteness of C∗(Λ) when
Λ is cofinal. A similar program has since been implemented for C∗-algebras of minimal ample
groupoids [3, 17].

This program typically fails for dynamical systems that are not minimal, because C∗-algebras
associated to such systems need not admit a faithful trace even when they are stably finite (we
describe one example of this phenomenon in Section 6.1). However, for the C∗-algebras of 2-
graphs, another approach is available. In this case, if one of the two singly-coloured subgraphs
of Λ has no cycles, then C∗(Λ) is Morita equivalent to a crossed product of an AF algebra A by
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an automorphism α of A that implements an action of the integers Z. Brown addressed stable
finiteness of such crossed products in [4]. He observed that there is a very natural obstruction
to stable finiteness involving the interaction of the induced automorphism α∗ of K0(A) with the
positive cone K0(A)+ of the K0-group. Specifically, if the crossed product is stably finite, then
the range of 1−α∗ includes no nonzero elements of K0(A)+. He then employed a deep analysis,
using powerful results on classification of AF algebras and their automorphisms to prove the
converse: if the range of 1−α∗ contains no nonzero positive elements, then the crossed product
embeds in an AF algebra, and hence is stably finite. It turns out that when A and α arise from
a 2-graph with no cycles in one of its singly-coloured subgraphs, the range of 1 − α∗ contains
no nonzero elements of K0(A)+ if and only if the 2-graph satisfies the matrix condition of [5].
So for any cofinal 2-graph or any 2-graph that contains no cycles of at least one colour, the
matrix condition characterises stable finiteness.

But it is easy to construct an example of a 2-graph which is not cofinal and contains cycles of
both colours. To tackle such 2-graphs, it is natural to try to address stable finiteness in terms
of extensions of C∗-algebras. Stable finiteness has a number of nice permanence properties (it is
preserved under passing to subalgebras, under Morita equivalence and under direct limits), but
in general it is poorly behaved with respect to extensions. However, a result of Spielberg [21]
characterises the obstruction to stable finiteness of an extension of one stably finite C∗-algebra
by another. If 0 → I → A → B → 0 is an exact sequence in which I and B are both stably
finite, then A is stably finite exactly when the homomorphism of K0-groups induced by the
inclusion I →֒ A satisfies the positivity condition that its kernel contains no nonzero elements
of K0(I)+.

In this paper we investigate how this applies to extensions of 2-graph C∗-algebras. The
ideal structure of such C∗-algebras is fairly well understood. In particular, the gauge-invariant
ideals are indexed by so-called saturated hereditary sets H of vertices. Moreover, the ideal
IH corresponding to a given H is Morita equivalent to the C∗-algebra of a sub-2-graph HΛ
while the quotient is isomorphic to the C∗-algebra of a second sub-2-graph Λ \ ΛH . But to
apply Spielberg’s positivity condition, we need to understand the kernel of the map in K-theory
induced by the inclusion iH : C∗(HΛ) →֒ C∗(Λ).

This is difficult for two reasons. The first difficulty is that the existing computations of
K-theory for 2-graph C∗-algebras [18, 1, 7] employ Kasparov’s spectral sequence to give a
description of the K0-group as an extension (indeed, a direct sum) of the quotient of ZΛ0

determined by the Cuntz–Krieger relations, and a second more mysterious summand. We have
not found a way to extract from these results any statement about the map (ιH)∗ between
these extensions induced by the inclusion. However, intuition and informal calculations suggest
that the first summand in the K0-group is just the subgroup generated by the classes of the
vertex projections, that (ιH)∗ is a homomorphism of extensions, that the kernel of (ιH)∗ is just
the kernel of its restriction to the first summand, and that on this summand ιH is induced by
the canonical inclusion of ZH into ZΛ0. To prove this, we re-calculate the K-theory of C∗(Λ)
by iterating the Pimsner–Voiculescu sequence—this allows us to use naturality of the sequence
and the concreteness of the connecting maps appearing in it. We pay a price for using our
approach instead of Evans’ in [7]: his calculation gives a direct formula for K1(C

∗(Λ)), whereas
our approach only fits it into a short exact sequence of abelian groups.

The second difficulty is that existing calculations of the K-theory of a 2-graph algebra pro-
vide no information about the positive cone in K0, which we need in order to apply Spielberg’s
theorem. Our new calculation using the Pimsner–Voiculescu sequence does not completely ad-
dress this issue. However, we are able to show that Spielberg’s positivity condition follows from
the matrix condition for Λ provided that the subgraph HΛ satisfies a condition (N) which asks
that the intersection of the positive cone of K0(C

∗(HΛ)) with the subgroup generated by the
classes [pv] of vertex projections is precisely the collection of nonnegative-integer combinations
of classes of vertex projections. We also relate condition (N) to the following natural, and open,
question for crossed products by Z: if i : A→ A⋊Z is the inclusion of a C∗-algebra in a crossed
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product by Z, when is i∗(K0(A)+) equal to i∗(K0(A)) ∩K0(A⋊ Z)+? We provide an example
in Section 6.2 that shows our condition (N) is checkable at least for some concrete 2-graphs
that are not accessible to the existing characterisations of stable finiteness in [5].

The paper is organised as follows. We start with the necessary preliminaries and notation
in Section 2. In Section 3 we revisit the calculation of K-theory for graph C∗-algebras due
to Raeburn and Szymański, because we need an explicit description of the homomorphisms in
K-theory that are induced by naturality of the Pimsner–Voiculescu exact sequence applied to
the inclusion of the C∗-algebra of a hereditary subgraph into a graph C∗-algebra.

We then go on in Section 4 to the main bulk of the work: the computation of K-theory,
and induced maps between K-groups, for 2-graph algebras. This is long and complex, so we
break it up into a number of steps. We consider a 2-graph Λ and a hereditary subset H of Λ0.
Starting from Section 4.1, we consider the skew products Λ ×d1 Z and HΛ ×d1 Z of Λ and of
HΛ by the first coordinate of the degree maps. By realising the C∗-algebra of the skew-product
as a direct limit of subalgebras that are Morita equivalent to the second coordinate graph of Λ
and then applying our results from Section 3, we compute the K-theory of C∗(Λ×d1 Z) and the
map in K-theory induced by the inclusion HΛ ×d1 Z →֒ Λ ×d1 Z. This computation occupies
Sections 4.1–4.5. With these key technical results in hand, we can apply the Pimsner–Voiculescu
sequence again, together with Takai duality, to obtain our first main theorem, Theorem 4.19:
a description of the K-theory of C∗(Λ) and of the map in K-theory induced by the inclusion
HΛ →֒ Λ. We give a second, slightly cleaner, description of the K0-groups and the maps
between them in Theorem 4.20. Specifically let A1 and A2 be the Λ0 × Λ0 adjacency matrices
whose v, w entries give the number of edges of the two different colours from w to v. Then the
block matrices

(1− At1, 1− At2) and

(
1−At1
1−A1

2

)

determine homomorphisms between ZΛ0 ⊕ ZΛ0 and ZΛ0, and K0(C
∗(Λ)) is an extension of

the kernel of the second of these homomorphisms by the cokernel of the first. Moreover, the
map (ιH)∗ in K-theory respects this decomposition and intertwines with the maps ι̃H between
cokernels and ιH | between kernels induced by the inclusion ZH →֒ ZΛ0.

In Section 5 we use our K-theory calculations from the preceding section to describe how
Spielberg’s positivity condition applies to an extension of the form

0 → IH → C∗(Λ) → C∗(Λ \ ΛH) → 0

arising from a saturated hereditary subset H of Λ. We first show in Lemma 5.1 that if Λ
satisfies the matrix condition of [5], then so does the subgraph HΛ, and the kernel of the
map ι̃H between cokernels described in the previous paragraph has trivial intersection with
the image of NH in (1 − AtH,1, 1 − AtH,2). We then introduce a positive-elements condition on

a 2-graph Λ, that the image of NΛ0 + im(1 − AtH,1, 1 − AtH,2) in K0(C
∗(Λ)) agrees with the

intersection of K0(C
∗(Λ))+ with the subgroup generated by the vertex projectons. We show

in Proposition 5.3 that this condition is equvalent to the condition (N) mentioned earlier. We
use these two results to obtain our second main theorem, Theorem 5.6, which says that if Λ
satisfies the matrix condition, the subgraph HΛ satisfies condition (N) and both C∗(HΛ) and
C∗(Λ \ ΛH) are stably finite, then so is C∗(Λ). We end the section with Corollary 5.7 which
gives a sufficient condition for stable finiteness of the C∗-algebra of a 2-graph that admits a
finite maximal chain of saturated hereditary sets.

We close the paper in Section 6 with two examples. The first is an example of a 2-graph that
does not satisfy the hypotheses of the theorems of [5], but whose C∗-algebra we can prove is
stably finite using Theorem 5.6 for an appropriate choice of saturated hereditary set.

The second example is a 2-graph Λ that first appeared in [6] and was considered again in
[8]. Its C∗-algebra is already known to be stably finite by the theorems of [5], but it provides
a good illustration of the conditions on our main results. It also provides an example in which
C∗(Λ) satisfies the matrix condition even though it has a subgraph of the form Λ \ ΛH that
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does not. Further C∗(Λ) is stably finite (indeed, AF embeddable) even though Λ admits no
faithful graph trace in the sense of [13], and hence C∗(Λ) admits no faithful trace.

2. Preliminaries

Throughout this paper, we write N for the additive abelian monoid {0, 1, 2, . . .}. For k ≥ 1,
Nk then denotes the monoid of k-tuples of elements of N under pointwise addition. The usual
generators of Nk are denoted e1, . . . , ek, so for n ∈ Nk, we have n =

∑k
i=1 niei. For m,n ∈ Nk

we write m ∨ n for the coordinatewise maximum of m,n, which is the least common upper
bound of m,n in the usual algebraic order. We often regard monoids as categories with a single
object.

The next two subsections summarise some key definitions and notation for k-graphs, mostly
taken from the original paper [9] on the subject. For more details, see [10].

2.1. k-graphs. A k-graph is a countable category Λ endowed with a functor d : Λ → Nk that
has the factorisation property : for all λ ∈ Λ and all m,n ∈ Nk such that m + n = d(λ) there
are unique elements µ ∈ d−1(m) and ν ∈ d−1(n) such that λ = µν. We write Λn for d−1(n).
We think of Λ as the path category of a k-dimensional directed graph, so we often refer to its
morphisms as paths. The factorisation property guarantees that Λ0 is precisely the collection
of identity morphisms. We identify the objects of Λ with Λ0, whose elements we call vertices,
and we write r, s : Λ → Λ0 for codomain and domain maps respectively. For S, T ⊆ Λ, we write
ST := {λµ : λ ∈ S, µ ∈ T}. If S = {λ}, we write λT rather than {λ}T and similarly if T is a
singleton. In particular, for v ∈ Λ0, we have vS = S ∩ r−1(v) and Sv = S ∩ s−1(v).

The k-graph Λ has no sources if vΛn 6= ∅ for all v ∈ Λ0 and n ∈ Nk, and it is row-finite
if vΛn is finite for all v ∈ Λ0 and n ∈ Nk. In this paper we work exclusively with k-graphs
that are row-finite and have no sources. Given a k-graph Λ, and given µ, ν ∈ Λ, we write
MCE(µ, ν) := µΛ∩ νΛ∩Λd(µ)∨d(ν) for the collection of minimal common extensions of λ and µ.

Given an abelian group (G,+) and a functor c : Λ → G, we can form the skew product Λ×cG
which is equal as a set to Λ×G, has objects Λ0×G, has range and source maps r(λ, g) = (r(λ), g)
and s(λ, g) = (s(λ), g + c(λ)), and has composition (λ, g)(µ, g + c(λ)) = (λµ, g). This skew-
product is itself a k-graph with degree map d(λ, g) = d(λ).

The adjacency matrices of the k-graph Λ are the Λ0 × Λ0 nonnegative integer matrices
A1, . . . , Ak with entries given by Ai(v, w) = |vΛeiw|; as usual, Ati then denotes the transposed
matrix Ati(v, w) = |wΛeiv|. The factorisation property implies that

AiAj(v, w) = |vΛeiΛejw| = |vΛei+ejw| = |vΛejΛeiw| = AjAi(v, w)

for all v, w ∈ Λ0 so that the matrices A1, . . . , Ak pairwise commute. We regard these matrices
as maps from the free abelian group ZΛ0 to itself.

2.2. k-graph C∗-algebras. Let Λ be a row-finite k-graph with no sources. A Cuntz–Krieger
Λ-family in a C∗-algebra A is a map λ 7→ sλ from Λ → A such that

(1) {sv : v ∈ Λ0} is a family of mutually orthogonal projections;
(2) sµsν = sµν whenever s(µ) = r(ν);
(3) s∗µsµ = ss(µ) for all µ ∈ Λ; and

(4)
∑

λ∈vΛn sλs
∗
λ = sv for all v ∈ Λ0 and n ∈ Nk.

We often write pv rather than sv for v ∈ Λ0 to emphasise that these are projections. However
when looking at Cuntz–Krieger families for graphs skewed by Z2, we use sα even when α is
a vertex, as p in that setting is often an integer. It follows from these relations that for each
n ∈ Nk, the collection {sλ : λ ∈ Λn} is a family of partial isometries with mutually orthogonal
ranges, and that for any µ, ν ∈ Λ and n ≥ d(µ) ∨ d(ν), we have sµs

∗
µsνs

∗
ν =

∑

λ∈µΛ∩νΛ∩Λn sλs
∗
λ,

and s∗µsν =
∑

µα=νβ∈Λn sαs
∗
β.

The k-graph C∗-algebra, denoted C∗(Λ) is the universal C∗-algebra generated by a Cuntz–
Krieger Λ-family. It follows from the preceding paragraph that C∗(Λ) = span{sµs

∗
ν : s(µ) =
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s(ν)}. The universal property ensures that there is a strongly continuous action γ : Tk →
Aut(C∗(Λ)), called the gauge action such that γz(sµ) = zd(µ)sµ for all µ ∈ Λ.

2.3. Saturated hereditary sets and ideals. Let Λ be a row-finite k-graph with no sources.
A subset H ⊆ Λ0 is hereditary if s(HΛ) ⊆ H . It is saturated if whenever s(vΛn) ⊆ H we also
have v ∈ H . If H is a hereditary subset of Λ0 then the smallest saturated hereditary set H
containing H is called the saturation ofH . The following description of gauge-invariant ideals of
C∗(Λ) is proved in [15]. Given a hereditary set H ⊆ Λ0, the space IH := span{sµs

∗
ν : µ, ν ∈ ΛH}

is a gauge-invariant ideal of C∗(Λ). The set {v ∈ Λ0 : pv ∈ IH} is equal to H. Given an ideal I
of C∗(Λ), the set HI := {v ∈ Λ0 : pv ∈ I} is a saturated hereditary set. The map H 7→ IH from
the collection of saturated hereditary subsets of Λ0 to the collection of gauge-invariant ideals of
C∗(Λ) is a lattice isomorphism with inverse I 7→ HI .

Given any hereditary set H ⊆ Λ0, the series
∑

v∈H pv converges strictly to a projection PH
in the multiplier algebra of IH . The corner PHIHPH is full and is equal to span{sµs

∗
ν : µ, ν ∈

HΛ}. The set HΛ is a sub-k-graph of Λ, and the inclusion HΛ →֒ Λ induces an inclusion
ιH : C∗(HΛ) → C∗(Λ) sending generators to generators, which is an isomorphism of C∗(HΛ)
onto PHIHPH . In particular, ιH induces an isomorphism K∗(C

∗(HΛ)) ∼= K∗(IH).
If Λ is a row-finite 2-graph with no sources and H is a hereditary subset of Λ0, then for any

v ∈ H , any i ≤ k and any w such that Ai(v, w) 6= 0, we have vΛeiw 6= ∅ and hence w ∈ H . It
follows that partitioning Λ0 = (Λ0 \H) ⊔H yields block decompositions

Ai =

(
AΛ0\H,i ∗

0 AH,i

)

and Ati =

(
AtΛ0\H,i 0

∗ AtH,i

)

.

Hence we have the following result that we will use (often implicitly) throughout the paper.

Lemma 2.1. Let Λ be a row-finite 2-graph with no sources and let H be a hereditary subset of
Λ. For i = 1, 2, the inclusion ι : ZH → ZΛ0 restricts to inclusions ι : ker(1 − AtH,i) ⊂ ZH →
ker(1− Ati) ⊂ ZΛ0 and ι : im(1− AtH,i) ⊂ ZH → im(1− Ati) ⊂ ZΛ0.

2.4. Skew-graphs and their C∗-algebras. Let Λ be a row-finite 2-graph with no sources
and degree map d. For i = 1, 2, define di : Λ → N by di(λ) = d(λ)i, the i-th coordinate of d(λ),
and let Λ×di Z be the skew-product 2-graph defined in Subsection 2.1.We also consider Λ×dZ

2,
the skew-product of Λ by the degree map d : Λ → N2. Observe that ((λ,m), n) 7→ (λ, (m,n))
is an isomorphism of (Λ×d1 Z)×d2 Z onto Λ×d Z

2.
The automorphism (λ, n) 7→ (λ, n−1) of Λ×d1Z induces an automorphism lt1 of C

∗(Λ×d1Z)
such that lt1(s(λ,n)) = s(λ,n−1).

Similarly for the skew-graph Λ ×d Z
2, we let lt1 denote the automorphism of C∗(Λ ×d Z

2)
such that lt1(s(λ,n,m)) = s(λ,n−1,m), and let lt2 denote the automorphism such that lt2(s(λ,n,m)) =
s(λ,n,m−1).

The following lemma deals with hereditary saturated subsets and skew-graphs.

Lemma 2.2. Let Λ be a row-finite 2-graph with no sources and let H be a saturated hereditary
subset of Λ0. Then the subset H × Z of (Λ×d1 Z)

0 is hereditary and saturated, and induces an
inclusion ιH×Z : C∗(HΛ×d1 Z) → C∗(Λ×d1 Z).

Proof. If (µ, n) ∈ (H × Z)(Λ×d1 Z), then r(µ, n) = (r(µ), n) ∈ H × Z so that r(µ) ∈ H . Since
H is hereditary, s(µ) ∈ H so that s(µ, n) = (s(µ), n + d1(µ)) ∈ H × Z. Thus H × Z is a
hereditary subset of (Λ×d1 Z)

0. Suppose now that s ((v,m)(Λ×d1 Z)) ⊂ H × Z. Fix µ ∈ vΛn.
Then (µ,m) ∈ (v,m)(Λ ×d1 Z) so that (s(µ), m + d1(µ)) = s(µ,m) ∈ H × Z. In particular,
s(µ) ∈ H . Hence s(vΛn) ⊂ H . As H is saturated, v ∈ H , and so (v,m) ∈ H × Z. Thus H × Z

is saturated. Since (H × Z)(Λ×d1 Z) = HΛ×d1 Z, the result follow. �

2.5. Stable finiteness and extensions of C∗-algebras. A C∗-algebra A is finite if it contains
no partial isometry S such that SS∗ � S∗S. It is stably finite if its stabilisation A⊗K is finite.
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As mentioned in the introduction, stable finiteness passes to subalgebras, but has poor per-
manence properties with respect to quotients and extensions. However, Spielberg proved the
following theorem that describes when an extension of one stably finite C∗-algebra by another
is again stably finite. We will use this theorem to prove our main result.

Theorem 2.3 ([21, Lemma 1.5]). Suppose that 0 → I
i
→ A → B → 0 is an exact sequence

of C∗-algebras and that both I and B are stably finite. Then A is stably finite if and only if
ker(i∗) ∩K0(I)+ = {0}.

2.6. Direct limits. Here we establish our notation for direct limits of groups (for details, see
for example [19, Chapter 6]). Suppose that (Gn)n is a sequence of groups and αn : Gn → Gn+1

are homomorphisms. We denote the direct limit by G∞ := lim−→(Gn, αn) and we denote the
inclusion of each Gn into G∞ by αn,∞. If Gn = G for all n ∈ N, then for x ∈ G we often write
[x]n for αn,∞(x).

We will use standard results about direct limits of groups without proof, including the fol-
lowing lemma showing that direct limits preserve exactness and commutativity of diagrams.

Lemma 2.4. Let (Gn) and (Hn) be sequences of groups. For each n ∈ Z, suppose that φn :
Gn → Hn, αn : Gn → Gn+1 and βn : Hn → Hn+1 are homomorphisms, and that for each n,
φn+1 ◦ αn = βn ◦ φn. Then each αn(ker(φn)) ⊆ ker(φn+1), and each βn(im(φn)) ⊆ im(φn+1).
Let G∞ := lim−→(Gn, αn), let H∞ := lim−→(Hn, βn), and let αn,∞ : Gn → G∞ and βn,∞ : Hn → H∞

be the canonical maps. Then there is a unique homomorphism φ∞ : G∞ → H∞ such that
φ∞ ◦ αn,∞ = βn,∞ ◦ φn for all n, we have ker(φ∞) =

⋃

n αn,∞(ker(φn)), and we have im(φ∞) =
⋃

n(βn,∞(im(φn)).

3. K-theory for graph algebras

Evans computed the K-theory of a 2-graph C∗-algebra in [7], using Kasparov’s spectral se-
quence for an action of Zk on a C∗-algebra. Evans’ formula shows that theK0-group decomposes
as a direct sum in which one summand is isomorphic to the quotient of ZΛ0 by the subgroup
generated by the images of 1 −At1 and 1− At2, and the second summand is the intersection of
the kernels of the same two maps. The first summand is the subgroup of K0 generated by the
classes of the vertex projections, the identification given by [pv] 7→ δv+im(1−At1)+im(1−At2),
but the second one is more mysterious. To prove our main theorem, we will need to know that,
for a saturated hereditary subset H of Λ0, the map in K-theory induced by the canonical inclu-
sion of C∗(HΛ) into C∗(Λ) respects the above direct-sum decomposition. Unfortunately, the
direct sum decomposition obtained by Evans is not natural with respect to C∗-homomorphisms,
because it is obtained from the general fact that homomorphisms from abelian groups to free
abelian groups always split.

Consequently, in order to prove our main theorem, we need to re-prove Evans’ theorem by
iterating the Pimsner–Voiculescu exact sequence, in such a way that we can fit K0(C

∗(Λ)) into
a short-exact sequence with the two subgroups described above, and guarantee that this short
exact sequence is natural with respect to inclusions of saturated hereditary subgraphs.

To do this, we first need to spell out the corresponding naturality property of the well-known
exact sequence in K-theory for graph C∗-algebras proved in [11, 16]; we do this in this section.
We will need, both here, and again later in the paper, the following generalisation of a result
by Pask and Raeburn.

Lemma 3.1 (c.f. [11, Theorem 4.2.4]). Let G be an abelian group and φ : G→ G a homomor-
phism. Let φ∞ : lim−→(G, φ) → lim−→(G, φ) be the homomorphism such that the diagrams

G lim−→(G, φ)

G lim−→(G, φ)

φn,∞

φ φ∞

φn,∞
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commute. Then φ1,∞ restricts to an isomorphism of ker(1− φ) onto ker(1− φ∞), and there is

an isomorphism φ̃1,∞ : coker(1− φ) → coker(1− φ∞) such that

φ̃1,∞(g + im(1− φ)) = φ1,∞(g) + im(1− φ∞) for all g ∈ G.

For each n ∈ N,

φ̃−1
1,∞(φn,∞(g) + im(1− φ∞)) = g + im(1− φ) and φ−1

1,∞(φn,∞(g)) = g.

Proof. As usual, we define an equivalence relation ∼ on
∏∞

n=1G by (gn) ∼ (hn) if gn = hn for
large n, and identify lim

−→
(G, φ) with

{

(gn)
∞
n=1 ∈

∞∏

n=1

G : φ(gn) = gn+1 for large n
}

/∼.

We write e for the identity element of G. Then

φn,∞(g) = [(e, . . . , e
︸ ︷︷ ︸
n−1

, g, φ(g), φ2(g), . . . )] for all n ∈ N, g ∈ G.

For (gn) ∈ lim−→(G, φ), we have

φ∞([(gn)]) = [(φ(gn))].

Since φ1,∞ ◦ φ = φ∞ ◦ φ1,∞ we have φ1,∞(ker(1 − φ)) ⊆ ker(1 − φ∞), so φ1,∞ restricts to a
homomorphism ker(1− φ) → ker(1− φ∞). Moreover, φ1,∞((1− φ)(G)) ⊆ (1− φ∞)(lim

−→
(G, φ)),

and so φ1,∞ induces a homomorphism φ̃1,∞ : coker(1 − φ) → coker(1 − φ∞) that satisfies

φ̃1,∞(g + im(1− φ)) = φ1,∞(g) + im(1− φ∞).

To see that φ̃1,∞ is surjective, fix [(gn)] ∈ lim
−→

(G, φ). Then

[(gn)] + im(1− φ∞) = [(gn)]− (1− φ∞)[(gn)] + im(1− φ∞)

= φ∞([(gn)]) + im(1− φ∞) = [(φ(gn))] + im(1− φ∞).
(3.1)

Thus, for g ∈ G and n ∈ N,

φn,∞(g) + im(1− φ∞) = [(e, e, . . . , e
︸ ︷︷ ︸
n−1 terms

, g, φ(g), φ2(g), . . . )] + im(1− φ∞)

= [(φn(e), φn(e), . . . , φn(e)
︸ ︷︷ ︸

n−1 terms

, φn(g), φn+1(g), φn+2(g), . . . )] + im(1− φ∞)

= [(g, φ(g), . . . , φn−1(g), φn(g), φn+1(g), φn+2(g), . . . )] + im(1− φ∞)

= φ̃1,∞(g + im(1− φ)).

So φ̃1,∞ is surjective.

To see that φ1,∞ is injective, suppose that φ̃1,∞(g+im(1−φ)) = 0. Then φ1,∞(g) ∈ im(1−φ∞),
so there exists (hn) ∈ lim

−→
(G, φ) such that

[(g, φ(g), φ2(g), . . . )] = [(hn)]− [φ(hn))].

Hence φn(g) = hn − φ(hn) ∈ im(1− φ) for large n. Now

g = (g − φ(g)) + (φ(g)− φ2(g)) + · · ·+ (φn−1(g)− φn(g)) + φn(g) ∈ φn(g) + im(1− φ)

belongs to im(1− φ). Hence g + im(1− φ) = 0, proving injectivity of φ̃1,∞.
To see that φ1,∞ maps ker(1− φ) to ker(1− φ∞), fix g ∈ ker(1− φ). Then

(1− φ∞)(φ1,∞(g)) = [(φn(g)− φn+1(g))] = [φn((1− φ)(g))] = 0.

Now to see that φ1,∞(ker(1 − φ)) = ker(1 − φ∞), fix [(gn)] ∈ ker(1 − φ∞). We have gn =
φ(gn) = gn+1 for, say, n ≥ N . In particular, φ(gn) = gN for all n ≥ N and thus

φ1,∞(gN) = [(gN , φ(gN), φ
2(gN), . . . )] = [(gN , gN , gN , . . . )] = [(g1, . . . , gN , gN , gN , . . . )] = [(gn)].
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Finally, to see that φ1,∞|ker(1−φ) is injective, fix g ∈ ker(1− φ) ∩ ker(φ1,∞). Then

[(g, φ(g), φ2(g), . . . )] = [(e, e, e, . . . )],

so that φn(g) = e for some n. Thus,

g = φ(g) = φ2(g) = · · · = φn(g) = e. �

The following is a fairly straightforward consequence of Lemma 3.1, but we record it sepa-
rately for repeated use later.

Lemma 3.2. For i = 1, 2, let H i, Gi, Ki be abelian groups and let φi : Gi → Gi be a homomor-
phism. Let φi∞ : lim−→(Gi, φi) → lim−→(Gi, φi), and φin,∞ : Gi → lim−→(Gi, φi) be as in Lemma 3.1. Let

ψ : G1 → G2 be a homomorphism and let ψ∞ : lim
−→

(G1, φ1) → lim
−→

(G2, φ2) be the homomorphism

such that ψ∞ ◦ φ1
n,∞ = φ2

n,∞ ◦ ψ for all n. Suppose that

0 H1 lim−→(G1, φ1) lim−→(G1, φ1) K1 0

0 H2 lim−→(G2, φ2) lim−→(G2, φ2) K2 0

ι1

η

1−φ1
∞

ψ∞

π1

ψ∞
θ

ι2 1−φ2
∞ π2

is a commuting diagram of group homomorphisms with exact rows.
For each i, let φi1,∞| : ker(1 − φi) → ker(1− φi∞), and φ̃i1,∞ : coker(1 − φi) → coker(1 − φi∞)

be the isomorphisms of Lemma 3.1. Let π̃i : coker(1 − φi∞) → Ki be the isomorphism induced
by πi. Let ζ i := (φi1,∞|)−1 ◦ ιi : H i → Gi. Let qi : Gi → coker(1 − φi) be the quotient map and

define τ i = π̃i ◦ φ̃i1,∞ ◦ qi : Gi → Ki. Then the diagram

0 H1 G1 G1 K1 0

0 H2 G2 G2 K2 0.

η

ζ1

ψ

1−φ1 τ1

ψ θ

ζ2 1−φ2 τ2

commutes and has exact rows.

Proof. As ψ∞ ◦ φ1
1,∞ = φ2

1,∞ ◦ ψ by definition of ψ∞, the diagram

G1 G1

0 H1 lim−→(G1, φ1) lim−→(G1, φ1) K1 0

0 H2 lim−→(G2, φ2) lim−→(G2, φ2) K2 0

G2 G2

φ11,∞

1−φ1

ψ

φ11,∞
τ1

ψ

ι1

η

ζ1

1−φ1
∞

ψ∞

π1

ψ∞
θ

ι2

ζ2

1−φ2
∞ π2

φ21,∞

1−φ2

φ21,∞
τ2

commutes.
�

Remark 3.3. Whenever we have a commuting diagram of the form

0 H1 G1 G1 K1 0

0 H2 G2 G2 K2 0,

η

ζ1

ψ

1−φ1 τ1

ψ θ

ζ2 1−φ2 τ2
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with exact rows it is easy to see that ψ(ker(1 − φ1)) ⊆ ker(1 − φ2), there is a homomorphism

ψ̃ : coker(1 − φ1) → coker(1 − φ2) such that ψ̃(g + im(1 − φ1)) = ψ(g) + im(1 − φ2) for all
g ∈ G1, and the diagrams

H1 ker(1− φ1) coker(1− φ1) K1

H2 ker(1− φ2), coker(1− φ2) K2

η

ζ1

ψ ψ̃

τ1

θ

ζ2 τ2

commute. We will use this extensively, in some cases when the Gi are themselves direct limits.

Lemma 3.2 leads to the following description of the K-theory of a 1-graph algebra. The first
part of the statement comes directly from [11, 16]; the second part is well known, but does not
appear to have been recorded in this form.

Theorem 3.4 ([11, 16]). Let Λ be a row-finite 1-graph with no sources, and let A denote
its adjacency matrix, regarded as an endomorphism of ZΛ0. Let φ0 : ZΛ0 → K0(C

∗(Λ)) be
the homomorphism such that φ0(δv) = [pv] for all v ∈ Λ0. There exists a homomorphism
φ1 : K1(C

∗(Λ)) → ZΛ0 that makes the following sequence exact:

0 K1(C
∗(Λ)) ZΛ0 ZΛ0 K0(C

∗(Λ)) 0.
φ1 1−At φ0

This sequence is natural in the following sense: if H ⊆ Λ0 is hereditary, then At restricts to an
endomorphism AtH of ZH, and the inclusion map ιH : C∗(HΛ) → C∗(Λ) makes the diagram

0 K1(C
∗(HΛ)) ZH ZH K0(C

∗(HΛ)) 0

0 K1(C
∗(Λ)) ZΛ0 ZΛ0 K0(C

∗(Λ)) 0

φH,1

(ιH )∗

1−At
H φH,0

(ιH )∗

φ1 1−At φ0

commute.

Proof. That K1(C
∗(Λ)) ∼= ker(1 − At) and K0(C

∗(Λ)) ∼= coker(1 − At) is precisely [14, Theo-
rem 7.16] (the original result is in [16], but [14] matches our edge-direction conventions). But
to justify that the map φ0 is as claimed and to establish that the second diagram commutes,
we must recap the key points of the proof.

The crossed product C∗(Λ)⋊γ T by the gauge action γ fits into a dual Pimsner–Voiculescu
exact sequence

0 K1(C
∗(Λ)) K0(C

∗(Λ)⋊γ T) K0(C
∗(Λ)⋊γ T) K0(C

∗(Λ)) 0
1−γ̂−1

∗ Ξ

(see [14, page 66]). We need some detail about the map Ξ. For this, we write χn for the nth
spectral projection z 7→ zn in C∗(T) ∼= C0(Z). The argument of Lemma 4.2.2 of [11] shows
that for a projection p in C∗(Λ), the homomorphism Ξ carries the class of iT(χn)iC∗(Λ)(p) to
[p] ∈ K0(C

∗(Λ)).
By [14, Lemma 7.10] there is an isomorphism C∗(Λ) ⋊γ T → C∗(Λ ×d Z) that carries

iT(χn)iC∗(Λ)(sλ) to s(λ,n), and this isomorphism intertwines the dual action γ̂ with the inverse
of the action lt∗ on C

∗(Λ×d Z) induced by left translation in the second coordinate on Λ×d Z.
Hence we obtain an exact sequence

0 K1(C
∗(Λ)) K0(C

∗(Λ×d Z)) K0(C
∗(Λ×d Z)) K0(C

∗(Λ)) 0
1−lt∗ P

in which the homomorphism P satisfies P ([p(v,n)]) = [pv] for all v ∈ Λ0 and n ∈ Z.
Fix a hereditary subset H of Λ0. As in Lemma 2.2, it is routine to see that H × Z is

a hereditary subset of (Λ ×d Z)
0, and that (H × Z)(Λ ×d Z) is identical to HΛ ×d Z. The

inclusion ιH : C∗(HΛ) → C∗(Λ) described in Section 2.3 is gauge equivariant, so it induces an
inclusion ιH × 1 : C∗(HΛ)⋊γH T → C∗(Λ)⋊γ T. Direct calculation on generators shows that
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the isomorphisms C∗(HΛ)⋊γH T → C∗(HΛ ×d Z) and C
∗(Λ) ⋊γ T → C∗(Λ ×d Z) intertwine

ιH × 1 with ιH×Z.
As discussed in the first paragraph of Section 3 of [16], the dual Pimsner–Voiculescu sequence

is natural with respect to T-equivariant homomorphisms. It therefore follows from the preceding
two paragraphs that ιH : C∗(HΛ) → C∗(Λ) induces a commuting diagram

0 K1(C
∗(HΛ)) K0(C

∗(HΛ×d Z)) K0(C
∗(HΛ×d Z)) K0(C

∗(HΛ)) 0

0 K1(C
∗(Λ)) K0(C

∗(Λ×d Z)) K0(C
∗(Λ×d Z)) K0(C

∗(Λ)) 0

(ιH )∗

1−lt∗

(ιH×Z)∗

PH

(ιH×Z)∗ (ιH )∗

1−lt∗ P

of exact sequences.
Corollary 7.14 of [14] shows that there is an isomorphism ξ : lim−→(ZΛ0, At) → K0(C

∗(Λ×dZ))

that carries (At)n,∞(δv) to [p(v,n)], and direct calculation on generators shows that composing
P : K0(C

∗(Λ ×d Z)) → K0(C
∗(Λ)) with this isomorphism yields a homomorphism (φ0)∞ :

lim−→(ZΛ0, At) → K0(C
∗(Λ)) satisfying (φ0)∞((At)n,∞(δv)) = [pv]. (We denote the corresponding

map for HΛ by (φH,0)∞.) The argument preceding [14, Corollary 7.14] also shows that the
isomorphism ξ : lim−→(ZΛ0, At) → K0(C

∗(Λ×d Z)) intertwines (A
t)∞ with lt∗; that is,

(3.2) ξ ◦ (At)∞ = lt∗ ◦ ξ.

The inclusion ψ : ZH →֒ ZΛ0 intertwines AtH with At. So we obtain a commuting diagram

0 K1(C
∗(HΛ)) lim−→(ZH,AtH) lim−→(ZH,AtH) K0(C

∗(HΛ)) 0

0 K1(C
∗(Λ)) lim

−→
(ZΛ0, At) lim

−→
(ZΛ0, At) K0(C

∗(Λ)) 0

(ιH )∗

1−(At
H
)∞

ψ∞

(φH,0)∞

ψ∞ (ιH )∗

1−(At)∞ (φ0)∞

of exact sequences.
The result now follows from an application of Lemma 3.2. �

4. K-theory computations for 2-graph algebras

This section is devoted to computing the K-theory of a 2-graph C∗-algebra C∗(Λ) in such a
way that we can keep track of the homomorphism of K0-groups induced by the inclusion of the
subalgebra C∗(HΛ) associated to a given hereditary set H ⊆ Λ0. This requires a few steps.

4.1. Commutative diagrams involving the K-theory of C∗(Λ×d1 Z). Our first step is to
compute the K-theory of the graph algebra C∗(Λ ×d1 Z) via an exact sequence and describe
morphisms between instances of this exact sequence induced by two maps between copies of
C∗(Λ ×d1 Z). We compile the main results of this section in Theorem 4.3 and Corollary 4.5.
Recall that given a group homomorphism φ : G → G, the notation [g]n refers to φn,∞(g) ∈
lim
−→

(G, φ). We begin with two preliminary results about the inclusion induced by the hereditary
subgraph HΛ and direct limits respectively.

Lemma 4.1. Let Λ be a row-finite 2-graph with no sources. Let H be a hereditary subset of
Λ0. Then there is an injective homomorphism lim

−→
(ZH,AtH,1) →֒ lim

−→
(ZΛ0, At1) that carries [δv]n

to [δv]n for v ∈ H.

Proof. Because H is a hereditary subset, both AtH,1 and At1 map ZH to ZH . In other words,
the following diagram commutes:

ZH ZΛ0

ZH ZΛ0.

At
H,1 At

1
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Since ZH →֒ ZΛ0 is an injection, Lemma 2.4 implies that the homomorphism lim
−→

(ZH,AtH,1) →

lim−→(ZΛ0, At1) induced by i is injective. �

The next result shows that the second adjacency matrix At2 induces an endomorphism of the
direct limits appearing in Lemma 4.1, and describes its kernel and cokernel.

Proposition 4.2. Let Λ be a row-finite 2-graph with no sources. Then there is a homomorphism
At,∞2 : lim

−→
(ZΛ0, At1) → lim

−→
(ZΛ0, At1) that satisfies A

t,∞
2 [g]n = [At2g]n for g ∈ ZΛ0. The subgroup

lim−→(ker(1−At2), A
t
1) of lim−→(ZΛ0, At1) is equal to ker(1−At,∞2 ). Writing Ãt1 for the endomorphism

of coker(1− At2) induced by At1, there is an isomorphism

i2 : coker(1− At,∞2 ) → lim−→(coker(1− At2), Ã
t
1)

such that i2([g]n + im(1−At,∞2 )) = [g + im(1− At2)]n for all g ∈ ZΛ0.

Proof. The formula for At,∞2 is well-defined because At1 and At2 commute. It clearly defines a
homomorphism.

Fix g ∈ ker(1−At2) ⊂ ZΛ0. Then

(1− At,∞2 )([g]n) = [(1−At2)g]n = [0]n = 0.

Hence lim−→(ker(1 − At2), A
t
1) ⊆ lim−→(ZΛ0, At1). Fix h ∈ ker(1 − At,∞2 ). Then h = [g]n for some

g ∈ ZΛ0 and n ∈ N. We have 0 = (1 − At,∞2 )h = [(1 − At2)g]n, so there exists k ≥ 0 such that
0 = (At1)

k(1 − At2)g = (1 − At2)(A
t
1)
kg. Hence (At1)

kg ∈ ker(1 − At2), and therefore h = [g]n =
[(At1)

kg]n+k ∈ lim−→(ker(1− At2), A
t
1). This proves that lim−→(ker(1− At2), A

t
1) = ker(1− At,∞2 ).

Now fix (1− At,∞2 )[g]n ∈ im(1− At,∞2 ). Then

(1− At,∞2 )[g]n = [(1−At2)g]n ∈ At,∞1 (im(1− At2)).

Hence i2 is well defined. To see that i2 is injective, suppose that [g + im(1 − At2)]n = 0. Then

there exists k ≥ 0 such that (At1)
kg+im(1−At2) = (Ãt1)

k(g+im(1−At2)) = 0. In particular, there
exists h ∈ ZΛ0 such that (At1)

kg = (1 − At2)h. Hence [g]n = [(At1)
kg]n+k = [(1 − At2)h]n+k =

(1 − At,∞2 )[h]n+k ∈ im(1 − At,∞2 ). For surjectivity, just note that each [g + im(1 − At2)]n =
i2([g]n + im(1− At,∞2 )). �

Theorem 4.3. Let Λ be a row-finite 2-graph with no sources. Let H be a hereditary subset of
Λ0. With the notation of Lemmas 2.2 and 4.1 and Proposition 4.2,

(1) There exist group homomorphisms φ0 : lim−→(ZΛ0, At1) → K0(C
∗(Λ ×d1 Z)) and φH,0 :

lim
−→

(ZH,AtH,1) → K0(C
∗(HΛ ×d1 Z)) such that φ0([δv]n) = [p(v,n)] for all v ∈ Λ0 and

φH,0([δv]n) = [p(v,n)] for all v ∈ H, and there are homomorphisms φ1 : K1(C
∗(Λ ×d1

Z)) → lim−→(ZΛ0, At1) and φH,1 : K1(C
∗(HΛ ×d1 Z)) → lim−→(ZH,AtH,1) such that the

diagram

0 K1(C
∗(HΛ×d1 Z)) lim

−→
(ZH,AtH,1) lim

−→
(ZH,AtH,1) K0(C

∗(HΛ×d1 Z)) 0

0 K1(C
∗(Λ×d1 Z)) lim−→(ZΛ0, At1) lim−→(ZΛ0, At1) K0(C

∗(Λ×d1 Z)) 0

φH,1

(ιH×Z)∗

1−At,∞

H,2 φH,0

(ιH×Z)∗

φ1 1−At,∞
2 φ0

commutes and has exact rows.
(2) Let At,∞1 be the map on lim

−→
(ZΛ0, At1) given by [g]n 7→ [At1g]n. Using the same maps φ1

and φ0 from above, the diagram

0 K1(C
∗(Λ×d1 Z)) lim

−→
(ZΛ0, At1) lim

−→
(ZΛ0, At1) K0(C

∗(Λ×d1 Z)) 0

0 K1(C
∗(Λ×d1 Z)) lim

−→
(ZΛ0, At1) lim

−→
(ZΛ0, At1) K0(C

∗(Λ×d1 Z)) 0

φ1

1−(lt1)∗

1−At,∞
2

1−At,∞
1

φ0

1−At,∞
1

1−(lt1)∗

φ1 1−At,∞
2 φ0

commutes and has exact rows.
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Remark 4.4. Theorem 4.3 essentially says that the exact sequence

0 K1(C
∗(Λ×d1 Z)) lim−→(ZΛ0, At1) lim−→(ZΛ0, At1) K0(C

∗(Λ×d1 Z)) 0
φ1 1−At,∞

2 φ0

is natural with respect to both the inclusion of hereditary subgraph algebras and the action of
left-translation.

We will prove Theorem 4.3 later. But first we state the following corollary which explicitly
states the main ingredients needed for our second main K-theory result, namely Theorem 4.19.

Corollary 4.5. Let Λ be a row-finite 2-graph with no sources. Let H be a hereditary subset of
Λ0. Resume the notation of Lemmas 2.2 and 4.1, Proposition 4.2 and Theorem 4.3.

(1) Let φ1| : lim−→
(ker(1 − At2), A

t
1) → K1(C

∗(Λ ×d1 Z)) be the restriction of φ1 to ker(1 −

At,∞2 ) = lim
−→

(ker(1 − At2), A
t
1). Let φ̃0 : coker(1 − At,∞2 ) ∼= lim

−→
(coker(1 − At2), Ã

t
1) →

K0(C
∗(Λ×d1 Z)) be the map induced by φ0. The diagrams

lim
−→

(ker(1−AtH,2), A
t
H,1) lim

−→
(ker(1− At2), A

t
1)

K1(C
∗(HΛ×d1 Z)) K1(C

∗(Λ×d1 Z))

ι

(φH,1|)
−1 (φ1|)−1

ι∗

and

lim−→(coker(1−AtH,2), Ã
t
H,1) lim−→(coker(1− At2), Ã

t
1)

K0(C
∗(HΛ×d1 Z)) K0(C

∗(Λ×d1 Z))

ι

φ̃H,0 φ̃0

ι∗

commute. In both diagrams, the vertical maps are isomorphisms. We have φ̃0([δv +

im(1− At2)]n) = [p(v,n)] and likewise for φ̃0,H .
(2) The diagrams

lim−→(ker(1− At2), A
t
1) lim−→(ker(1− At2), A

t
1)

K1(C
∗(Λ×d1 Z)) K1(C

∗(Λ×d1 Z))

1−At,∞
1

(φ1|)−1 (φ1|)−1

1−(lt1)∗

and

lim−→(coker(1− At2), Ã
t
1) lim−→(coker(1−At2), Ã

t
1)

K0(C
∗(Λ×d1 Z)) K0(C

∗(Λ×d1 Z))

1−Ãt,∞
1

φ̃0 φ̃0

1−(lt1)∗

commute, as do the analogous diagrams for HΛ.

Proof. This is a simple application of Remark 3.3 and Proposition 4.2 to the diagrams of
Theorem 4.3. The explicit mapping for φ̃0 follows from that of φ0. �

We will now focus on proving Theorem 4.3 by splitting it into three main labelled steps that
mirror Remark 4.4: first we obtain what is needed for the long exact sequence in Remark 4.4,
then we demonstrate that this sequence is natural with respect to inclusion of hereditary sub-
graph algebras, and finally we show that it is natural with respect to left-translation. Before
we proceed to these three steps, we first need some preliminary work that will allow us to break
our steps down to results about smaller pieces of the C∗-algebras involved corresponding to
levels in various skew-product graphs.
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4.2. Smaller slices: the subalgebras BΛ
n , C

Λ
n,m and CΛ

n . Let Λ be a row-finite 2-graph with
no sources. For n ∈ Z, let

BΛ
n := span{sαs

∗
β : α, β ∈ Λ×d1 Z, s(α) = s(β) ∈ Λ0 × {n}}

= span{s(µ,n−d1(µ))s
∗
(ν,n−d1(ν)) : µ, ν ∈ Λ} ⊆ C∗(Λ×d1 Z)

and

CΛ
n := span{sαs

∗
β : α, β ∈ Λ×d Z

2, s(α) = s(β) ∈ Λ0 × {n} × Z}

= span{s(µ,p−d(µ))s
∗
(ν,p−d(ν)) : µ, ν ∈ Λ, p ∈ {n} × Z} ⊆ C∗(Λ×d Z

2).

For m,n ∈ Z, let

CΛ
n,m := span{sαs

∗
β : α, β ∈ Λ×d Z

2, s(α) = s(β) ∈ Λ0 × {n} × {m}}

= span{s(µ,(n,m)−d(µ))s
∗
(ν,(n,m)−d(ν)) : µ, ν ∈ Λ} ⊆ C∗(Λ×d Z

2).

The following general lemma will allow us to describe each of the BΛ
n , the C

Λ
n and the CΛ

n,m

and the relationships between them. For the statement of the result, given J ⊆ {1, . . . , k},
write NJ for the submonoid of Nk generated by {ej : j ∈ J} and let ZJ = NJ − NJ be the
enveloping subgroup of Zk. Let πJ : Zk → ZJ be the projection map.

Lemma 4.6. Let Λ be a row-finite k-graph with no sources. Fix K ⊆ J ⊆ {1, . . . , k}. Let
dJ := πJ ◦ d : Λ → NJ . Consider the skew-product graph Λ×dJ ZJ . For X ⊆ ZJ , let

AX := span{s(µ,n−dJ (µ))s
∗
(ν,n−dJ (ν))

: s(µ) = s(ν) and n ∈ X} ⊆ C∗(Λ×dJ ZJ ).

For µ, ν ∈ Λ, n ∈ X and p ∈ Nk, we have

(4.1) s(µ,n−dJ (µ))s
∗
(ν,n−dJ (ν))

=
∑

λ∈(s(µ),n−dJ (µ))(Λ×dJ
ZJ )p

s(µλ,n−dJ (µ))s
∗
(νλ,n−dJ (ν))

∈ AX+πJ (p);

in particular AX ⊆ AX+πJ (p). For q ∈ ZJ the space Aq+ZK is a C∗-subalgebra of C∗(Λ×dJ Z
J).

For q ∈ ZJ and p ∈ NJ , we have Aq+ZK ⊆ Aq+p+ZK . Finally, each Aq+ZK =
⋃

p∈ZK A{q+p}.

Proof. The equality in (4.1) is a straight application of the Cuntz–Krieger relation (4) (see
Subsection 2.2). Membership of AX+πJ (p) is because each n − dJ(µ) = n + dJ(λ) − dJ(µλ) =
(n + πJ(p))− dJ(µλ).

Fix α, β, µ, ν ∈ Λ ×dJ ZJ with s(α) = s(β), s(µ) = s(ν) ∈ Λ0 × (q + ZK). Then by the
Cuntz–Krieger relations, for m = d(β) ∨ d(µ) we have

sαs
∗
βsµs

∗
ν = sα

(
∑

βτ=µρ∈Λm

sτs
∗
ρ

)

s∗ν =
∑

βτ=µρ∈Λm

sβτs
∗
νρ.

So it suffices to fix βτ = µρ ∈ Λm and show that s(τ) ∈ Λ0 × (q + ZK). We have r(β) = r(µ)
and s(β), s(µ) ∈ Λ0 × (q + ZK). So dJ\K(β) = dJ\K(µ). Hence dJ(β) ∨ dJ(µ) = dJ\K(β) +
(dK(β) ∨ dK(µ)). Since dJ(τ) = (dJ(β) ∨ dJ(µ)) − dJ(β), we deduce that dJ\K(τ) = 0. Since
r(τ) = s(β) ∈ Λ0 × (q + ZK), it follows that s(τ) ∈ Λ0 × (q + ZK). Hence Aq+ZK is closed
under multiplication. It is clearly closed under adjoints, and it is a closed linear subspace by
definition, so it is a C∗-subalgebra. We have Aq+ZK =

⋃

p∈ZK Aq+p because both are densely

spanned by {sαs
∗
β : s(α) = s(β) ∈ Λ0 × (q + ZK)}. �

Corollary 4.7. Let Λ be a row-finite 2-graph with no sources. Then

(1) each BΛ
n ⊆ BΛ

n+1 is a C∗-subalgebra of C∗(Λ×d1 Z), and C
∗(Λ×d1 Z) =

⋃

n∈ZB
Λ
n ;

(2) each CΛ
n ⊆ CΛ

n+1 is a C∗-subalgebra of C∗(Λ×d Z
2), and C∗(Λ×d Z

2) =
⋃

n∈ZC
Λ
n ; and

(3) each CΛ
n,m is a C∗-subalgebra of CΛ

n+1,m ∩ CΛ
n,m+1, and C

Λ
n =

⋃

m∈ZC
Λ
n,m.
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Proof. In the notation of Lemma 4.6, putting J = {1} and K = ∅ gives BΛ
n = An+ZK = A{n};

putting J = {1, 2} and K = {2} gives CΛ
n = A(n,0)+ZK ; and putting J = {1, 2} and K = ∅ gives

CΛ
m,n = A(n,m)+ZK = A{(n,m)}. So all three assertions follow from Lemma 4.6. �

Continuity of K-theory gives us the following corollary.

Corollary 4.8. Let Λ be a row-finite 2-graph with no sources.

(1) For n ∈ Z, let ιn : BΛ
n → BΛ

n+1 be the inclusion of Corollary 4.7. Then

K∗(C
∗(Λ×d1 Z))

∼= lim−→(K∗(B
Λ
n ), (ιn)∗).

(2) For m,n ∈ Z, let ιm : CΛ
n,m → CΛ

n,m+1 be the inclusion of Corollary 4.7. Then

K∗(C
Λ
n )

∼= lim
−→

(K∗(C
Λ
n,m), (ιm)∗).

4.3. Step 1. We now state our first step, but the proof must wait until we have the tools
needed to prove it.

Proposition 4.9. Let Λ be a row-finite 2-graph with no sources. Resume the notation of
Corollary 4.7. For each n ∈ Z let φn,0 : ZΛ0 → K0(B

Λ
n ) be the homomorphism such that

φn,0(δv) = [p(v,n)] for all v ∈ Λ0. Then there exist homomorphisms φn,1 : K1(B
Λ
n ) → ZΛ0, n ∈ Z

such that the diagrams

0 K1(B
Λ
n ) ZΛ0 ZΛ0 K0(B

Λ
n ) 0

0 K1(B
Λ
n+1) ZΛ0 ZΛ0 K0(B

Λ
n+1) 0

φn,1

(ιn)∗

1−At
2

At
1

φn,0

At
1 (ιn)∗

φn+1,1 1−At
2 φn+1,0

commute.

Now to develop our toolkit. While our application will be to 2-graphs, the following result
is easy to state for general k-graphs. We adopt again the notation used in Lemma 4.6. In
addition, for K ⊆ J ⊆ {1, . . . , k}, we write ltK for the action of Zk on C∗(Λ×dJ Z

J) such that
ltK(m)(s(µ,p)) = s(µ,p−m) for µ ∈ Λ, p ∈ ZJ and m ∈ ZK ⊆ ZJ .

Lemma 4.10. Let Λ be a row-finite k-graph with no sources. Suppose that I1 and I2 are disjoint
subsets of {1, . . . , k} and let I := I1 ∪ I2. Let ι1 : C

∗(Λ×dI Z
I) → C∗(Λ×dI Z

I)⋊ltI2
ZI2 be the

canonical inclusion. Let Q0 ∈ M(C∗(Λ×dI Z
I)⋊ltI2

ZI2) be the projection
∑

v∈Λ0, p∈ZI1

ι1(s(v,p,0)).

Let ι2 : Z
I2 → UM(C∗(Λ×dI Z

I)⋊ltI2
ZI2) be the canonical unitary representation. Then there

is an isomorphism

ψ : C∗(Λ×dI1
ZI1) → Q0(C

∗(Λ×dI Z
I)⋊ltI2

ZI2)Q0

such that ψ(s(µ,n)) = ι1(s(µ,n,0))ι2(dI2(µ)) for all µ ∈ Λ, n ∈ ZI1.

Proof. The map t : (µ, n) 7→ ι1(s(µ,n,0))ι2(dI2(µ)) is a Cuntz–Krieger (Λ ×dI1
ZI1)-family in

C∗(Λ×dI Z
I)⋊ltI2

ZI2 . The dual of ltI2 is an action α of TI2 on C∗(Λ×dI Z
I)⋊ltI2

ZI2 such that

αz(ι1(s(µ,p,q))ι2(m)) = zmι1(s(µ,p,q))ι2(m), for all z ∈ TI2 .

So by the gauge invariant uniqueness theorem [9, Theorem 3.4], s(µ,n) 7→ t(µ,n) is an injection
from C∗(Λ×dI1

ZI1) into C∗(Λ×dI Z
I)⋊ltI2

ZI2 . We have

C∗(Λ×dI Z
I)⋊ltI2

ZI2

= span{ι1(s(µ,p,q)s
∗
(ν,r,s))ι2(u) : µ, ν ∈ Λ, p, r,∈ ZI1 , q, s, u ∈ ZI2}
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so that

Q0

(
C∗(Λ×dI Z

I)⋊ltI2
ZI2
)
Q0

= span
{
ι1(s(µ,p,0))ι2(dI2(µ)− dI2(ν))ι1(s

∗
(ν,r,0)) : µ, ν ∈ Λ, p, r,∈ ZI1

}

= C∗({t(µ,n) : (µ, n) ∈ Λ×dI1
ZI1}). �

Applying Lemma 4.10 when Λ is a 2-graph with I1 = {1} and I2 = {2} gives most of the
following corollary.

Corollary 4.11. Let Λ be a row-finite 2-graph with no sources. Let ι1 : C
∗(Λ×dZ) → C∗(Λ×d

Z)×lt2 Z be the canonical inclusion. Let Q0 ∈ M(C∗(Λ×d Z
2)⋊lt2 Z) be the projection

Q0 =
∑

v∈Λ0, p∈Z

ι1(s(v,(p,0))).

Then there is an isomorphism

ψ : C∗(Λ×d1 Z) → Q0(C
∗(Λ×d Z

2)⋊lt2 Z)Q0

such that ψ(s(µ,n)) = ι1(s(µ,(n,0)))ι2(d2(µ)) for all µ ∈ Λ and n ∈ Z. For each n ∈ Z, this
isomorphism ψ restricts to an isomorphism ψn : BΛ

n → Q0(C
Λ
n ⋊lt2 Z)Q0, and induces an

isomorphism (ψn)∗ : K∗(B
Λ
n ) → K∗(C

Λ
n ⋊lt2 Z).

Proof. Everything but the statements about ψn follows immediately from Lemma 4.10. Recall
that the standard spanning family for BΛ

n is {s(µ,n−d1(µ))s
∗
(ν,n−d1(ν))

: µ, ν ∈ Λ}. Since each

ψ(s(µ,n−d1(µ))s
∗
(ν,n−d1(ν))

) = ι1(s(µ,(n−d1(µ),0)))ι2(d2(µ)− d2(ν))ι1(s
∗
(ν,(n−d1(ν),0))

)

∈ Q0(C
Λ
n ⋊lt2 Z)Q0,

we see that ψ restricts to a map ψn : BΛ
n → Q0(C

Λ
n ⋊lt2Z)Q0. To see that it is surjective, observe

that CΛ
n ⋊lt2Z is spanned by the elements Sµ,ν,p := ι1(s(µ,p−d(µ))s

∗
(ν,p−d(ν)))ι2(d2(µ)−d2(ν)) where

p ranges over {n} × Z ⊆ Z2. For a given µ, ν, p we have

Q0ι1(Sµ,ν,p)Q0 =

{

ι1(Sµ,ν,p) if r((µ, p− d(µ))), r((ν, p− d(ν))) ∈ Λ0 × Z× {0}

0 otherwise

=

{

ι1(Sµ,ν,p) if p− d(µ), p− d(ν) ∈ Z× {0}

0 otherwise.

So Q0(C
Λ
n ⋊lt2 Z)Q0 is spanned by the elements s(µ,(n−d1(µ),0))s

∗
(ν,(n−d1(ν),0))

)ι2(d2(µ) − d2(ν)),
which are all in the image of ψn.

To see that (CΛ
n ⋊lt2 Z)Q0(C

Λ
n ⋊lt2 Z) = CΛ

n ⋊lt2 Z, note that for each (v, (n,m)) ∈ Λ0 ×
{n}× {Z}, we have s(v,(n,m)) = lt2(−m)(s(v,(n,0))), and so by covariance, ι1(s(v,(n,m))) belongs to
i2(Z)Q0i2(Z) ∩ (CΛ

n ⋊lt2 Z) ⊆ (CΛ
n ⋊lt2 Z)Q0(C

Λ
n ⋊lt2 Z). So the ideal (CΛ

n ⋊lt2 Z)Q0(C
Λ
n ⋊lt2 Z)

contains an approximate identity for, and hence is all of, CΛ
n ⋊lt2 Z. �

Note that the inclusion ιn : CΛ
n → CΛ

n+1 is equivariant under lt2, so it induces a homomor-
phism ιn × 1 : CΛ

n ⋊lt2 Z → CΛ
n+1 ⋊lt2 Z.

Lemma 4.12. Let Λ be a row-finite 2-graph with no sources. With ιn and ιn × 1 as above, the
diagrams

BΛ
n CΛ

n ⋊lt2 Z

BΛ
n+1 CΛ

n+1 ⋊lt2 Z

ψn

ιn ιn×1

ψn+1

commute.
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Proof. Let S := (s(µ), n)(Λ×d1 Z)
e1 and S ′ := (s(µ), (n, 0))(Λ×d Z

2)e1. Then

ψn+1

(
ιn(s(µ,n−d1(µ))s

∗
(ν,n−d1(ν)))

)
= ψn+1




∑

(λ,n)∈S

s(µλ,n−d1(µ))s
∗
(νλ,n−d1(ν))





=
∑

(λ,n,0)∈S′

ι1
(
s(µλ,(n−d1(µ),0)))ι2(d2(µ)− d2(ν))ι1(s

∗
(νλ,(n−d1(ν),0))

)

= (ιn × 1)
(
ι1(s(µ,(n−d1(µ),0)))ι2(d2(µ)− d2(ν))ι1(s

∗
(ν,(n−d1(ν),0))

)
)

= (ιn × 1)
(
ψn(s(µ,n−d1(µ))s

∗
(ν,n−d1(ν))

)
)
. �

Lemma 4.13. Let Λ be a row-finite 2-graph with no sources. For n,m ∈ Z, there is an
isomorphism CΛ

n,m
∼=
⊕

v∈Λ0 KΛv that carries s(µ,(n,m)−d(µ))s
∗
(ν,(n,m)−d(ν)) to the matrix unit Θµ,ν

in KΛs(µ). So there is an isomorphism K0(C
Λ
n,m)

∼= ZΛ0 that carries [s(µ,(n,m)−d(µ))s
∗
(µ,(n,m)−d(µ))]

to δs(µ) for all µ ∈ Λ, and we have K1(C
Λ
n,m) = 0. Writing (ın,m)∗ for the map in K-theory

induced by the inclusion CΛ
n,m ⊆ CΛ

n+1,m, and (n,m)∗ for the one induced by CΛ
n,m ⊆ CΛ

n,m+1, the
diagrams

K0(C
Λ
n,m) K0(C

Λ
n+1,m) K0(C

Λ
n,m) K0(C

Λ
n,m+1)

ZΛ0 ZΛ0, ZΛ0 ZΛ0

(ın,m)∗

∼= ∼=

(n,m)∗

∼= ∼=

At
1 At

2

commute. For all n ∈ Z, we have K1(C
Λ
n ) = 0 and there is an isomorphism

lim−→(ZΛ0, At2)
∼= K0(C

Λ
n )

that carries [δv]m to [s(v,n,m)].

Proof. For a given v ∈ Λ0, the set {s(µ,(n,m)−d(µ))s
∗
(ν,(n,m)−d(ν)) : s(µ) = s(ν)} is a family of matrix

units over Λv and these families are mutually orthogonal for distinct v, w. The isomorphism in
K-theory then follows because K0(K) ∼= Z via [θi,i] 7→ 1 and K1(K) = 0, and because K-theory
respects direct sums.

Temporarily writing hn,m : K0(C
Λ
n,m) → ZΛ0 for the isomorphisms established in the preced-

ing paragraph, the formula (4.1) shows that

hn+1,m

(
ın,m([s(µ,(n,m)−d(µ))s

∗
(µ,(n,m)−d(µ))])

)

= hn+1,m

([ ∑

λ∈s(µ)Λe1

s(µλ,(n,m)−d(µ))s
∗
(µλ,(n,m)−d(µ))

])

=
∑

λ∈s(µ)Λe1

δs(λ) = At1δs(µ),

so the left-hand diagram commutes, and the argument for the right-hand diagram is identical.
The final statement follows from continuity of K-theory. �

Looking at the maps induced by the inclusion CΛ
n,m ⊆ CΛ

n+1,m for m ∈ Z of the direct limit

CΛ
n = lim−→(CΛ

n,m, ιm) gives us the following corollary.

Corollary 4.14. Let Λ be a row-finite 2-graph with no sources. Let A1 : lim−→(ZΛ0, At2) →

lim−→(ZΛ0, At2) be the map induced by At1 : ZΛ
0 → ZΛ0 at each level of the direct limit. Then the

following diagram commutes:

lim
−→

(ZΛ0, At2) K0(C
Λ
n )

lim
−→

(ZΛ0, At2) K0(C
Λ
n+1).

∼=

A1 (ιn)∗

∼=
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Lemma 4.15. Let Λ be a row-finite 2-graph with no sources, and fix m,n ∈ Z. The diagram

ZΛ0 ZΛ0 ZΛ0

K0(C
Λ
n,m+1) K0(C

Λ
n,m) K0(C

Λ
n,m+1).

I

∼=

At
2

∼= ∼=

(lt2)∗ (ιm)∗

commutes. In particular, if A2 : lim
−→

(ZΛ0, At2) → lim
−→

(ZΛ0, At2) denotes the map induced by

At2 : ZΛ
0 → ZΛ0 at each level of the direct limit, then the diagram

lim
−→

(ZΛ0, At2) lim
−→

(ZΛ0, At2)

K0(C
Λ
n ) K0(C

Λ
n )

A2

∼= ∼=

(lt2)∗

commutes.

Proof. The proof is very similar to one of the steps in our computation of K-theory for 1-
graph C∗-algebras. The action lt2 of Z on the graph C∗-algebra C∗(Λ ×d Z

2) is given by
lt2
(
s(µ,n−d1(µ),m+1−d2(µ))

)
= s(µ,n−d1(µ),m−d2(µ)), so in K-theory, (lt2)∗ : [s(v,n,m+1)] 7→ [s(v,n,m)].

The second diagram commutes because the map A2 is induced by the above action at each
level m ∈ Z of the direct limit. �

We have used A2 to denote the induced map on the direct limit lim−→(ZΛ0, At2) in order to

distinguish it from the induced map At,∞2 on lim−→(ZΛ0, At1) as the bonding maps are not the
same.

Proof of Proposition 4.9. Naturality of Pimnser–Voiculescu sequences gives us the following
commutative diagram in which the rows are exact and the vertical arrows are induced from the
natural inclusions:

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

0 K1(C
Λ
n+1 ⋊lt2 Z) K0(C

Λ
n+1) K0(C

Λ
n+1) K0(C

Λ
n+1 ⋊lt2 Z) 0.

(ιn×1)∗

1−(lt2)∗

(ιn)∗

(ι1)∗

(ιn)∗ (ιn×1)∗

1−(lt2)∗ (ι1)∗

We claim that there are unique homomorphisms ζn, ζn+1, ηn, ηn+1 such that the tube-like
diagram

0 K1(B
Λ
n ) lim

−→
(ZΛ0, At2) lim

−→
(ZΛ0, At2) K0(B

Λ
n ) 0

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

0 K1(C
Λ
n+1 ⋊lt2 Z) K0(C

Λ
n+1) K0(C

Λ
n+1) K0(C

Λ
n+1 ⋊lt2 Z) 0

0 K1(B
Λ
n+1) lim−→(ZΛ0, At2) lim−→(ZΛ0, At2) K0(B

Λ
n+1) 0

ζn

(ψn)∗

(ιn)∗

1−A2

∼=

A1

ηn

∼=

A1

(ψn)∗

(ιn)∗(ιn×1)∗

1−(lt2)∗

(ιn)∗

(ι1)∗

(ιn)∗ (ιn×1)∗

1−(lt2)∗ (ι1)∗

ζn+1

(ψn+1)∗

1−A2

∼=

ηn+1

∼= (ψn+1)∗

commutes, and that for those homomorphisms the rows of the diagram are exact.
To see this, we examine each part of the diagram in turn. The two squares formed by the

first and fourth columns commute because they are induced by the commuting diagram of
C∗-homomorphisms from Proposition 4.12.

The two squares formed by the second and third columns commute by Corollary 4.14.
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There are unique maps ζn, ζn+1, ηn, ηn+1 such that the corner squares commute because the
first and third rows of vertical arrows are all isomorphisms by Corollary 4.11 and Lemma 4.13.

The subdiagram formed by the second and third sequence-rows commutes by naturality of
the Pimsner–Voiculescu sequences as mentioned before.

Finally, the top and bottom squares of the middle column formed by the second and third
sequence-columns commute by Lemma 4.15. Thus the whole darned thing commutes and the
rows are exact because the second and fourth rows of vertical arrows are isomorphisms.

We now obtain the diagram in the statement of Proposition 4.9 from Lemma 3.2 for

H1 = K1(B
Λ
n ), H2 = K1(B

Λ
n+1), G1 = G2 = ZΛ0, K1 = K0(B

Λ
n ), K2 = K0(B

Λ
n+1),

φ1 = φ2 = At2, ψ = At1, η = (ιn)∗, and θ = (ιn)∗,

except that we have τ 1, τ 2 instead of φn,0 and φn+1,0 respectively. To finish, we need to show
that τ 1 = φn,0 : δv 7→ [p(v,n)] (and similarly for τ 2 = φn+1,0).

To that end, we claim that ηn([δv]m) = [p(v,n)] for all m ≥ 0. Following the left and bottom
arrows of that square, [δv]m gets mapped first to [s(v,n,m)] ∈ K0(C

Λ
n ) and then to [ι1(s(v,n,m))] ∈

K0(C
Λ
n ⋊lt2 Z). Now ι1(s(v,n,0)) = ι2(m)ι1(s(v,n,m))ι2(−m) since the action is left-translation in

the second coordinate, so that ι1(s(v,n,0)) is unitarily equivalent to ι1(s(v,n,m)). In particular,
(ψn)∗([p(v,n)]) = [ι1(s(v,n,m))] = [ι1(s(v,n,0))]. Thus (ψn)∗([p(v,n)]) = (ψn)∗(ηn([δv]n) so that by
injectivity of (ψn)∗, ηn is as claimed. Now ηn corresponds to π1 in Lemma 3.2, so if η̃n is

the map induced by ηn on coker(1 − A2), φ̃1,∞ is the isomorphism from Lemma 3.1, and

q : ZΛ0 → coker(1− At2) is the quotient map, then τ 1 = η̃n ◦ φ̃1,∞ ◦ q. Thus

τ 1(δv) = η̃n ◦ φ̃1,∞(δv + im(1−At2)) = η̃n([δv]1 + im(1−A2)) = ηn([δv]1) = [p(v,n)].

Similarly, τ 2(δv) = [p(v,n+1)], and we are done. �

4.4. Step 2. The following is a 2-graph analogue of Theorem 3.4 for the BΛ
n .

Proposition 4.16. Let Λ be a row-finite 2-graph with no sources, and let H ⊆ Λ0 be a hereditary
subset. Let φn,i and φHn,i be the maps of Proposition 4.9 applied to the 2-graphs Λ and HΛ
respectively. Then the diagram

0 K1(B
HΛ
n ) ZH ZH K0(B

HΛ
n ) 0

0 K1(B
Λ
n ) ZΛ0 ZΛ0 K0(B

Λ
n ) 0.

φHn,1

(ιH×Z)∗

1−At
H,2 φHn,0

(ιH×Z)∗

φn,1 1−At
2 φn,0

commutes.

Proof. In this proof, we let ι := ιH×Z2 denote the inclusion of CHΛ
n into CΛ

n analogous to
ιH×Z : BHΛ

n → BΛ
n , but we will drop the extra subscripts to avoid notational clutter. Likewise,

ι := ιH×Z2 × 1 : CHΛ
n ⋊lt2 Z → CΛ

n ⋊lt2 Z, denuded of its adornments, will also denote the
homomorphism induced by the equivariant inclusion of CHΛ

n →֒ CΛ
n .

Naturality of Pimnser–Voiculescu sequences yields the following commutative diagram in
which the rows are exact and the vertical arrows are induced from the natural inclusions:

0 K1(C
HΛ
n ⋊lt2 Z) K0(C

HΛ
n ) K0(C

HΛ
n ) K0(C

HΛ
n ⋊lt2 Z) 0

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0.

ι∗

1−(lt2)∗

ι∗

(ι1)∗

ι∗ ι∗

1−(lt2)∗ (ι1)∗
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Just as in the proof of Proposition 4.9, we claim that there are unique homomorphisms
ζn, ζ

H
n , ηn, η

H
n that make the tube-like diagram

0 K1(B
HΛ
n ) lim

−→
(ZH,AtH,2) lim

−→
(ZH,AtH,2) K0(B

HΛ
n ) 0

0 K1(C
HΛ
n ⋊lt2 Z) K0(C

HΛ
n ) K0(C

HΛ
n ) K0(C

HΛ
n ⋊lt2 Z) 0

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

0 K1(B
Λ
n ) lim

−→
(ZΛ0, At2) lim

−→
(ZΛ0, At2) K0(B

Λ
n ) 0

ζHn

(ψH
n )∗

(ιH×Z)∗

1−AH,2

∼=

ι

ηHn

∼=

ι

(ψH
n )∗

(ιH×Z)∗ι∗

1−(lt2)∗

ι∗

(ι1)∗

ι∗ ι∗

1−(lt2)∗ (ι1)∗

ζn

(ψn)∗

1−A2

∼=

ηn

∼= (ψn)∗

commute, and that with these homomorphisms, the rows of the diagram are exact.
The two squares formed by the first and fourth columns commute because they are induced

from the diagram

BHΛ
n CHΛ

n ⋊lt2 Z

BΛ
n CΛ

n ⋊lt2 Z

ψH
n

ιH×Z ι

ψn

which commutes because ψn(s(µ,n)) = ι1(s(µ,n,0))ι2(d2(µ)) and likewise for ψHn (see Corol-
lary 4.11).

The second and third columns both just give the diagram

lim−→(ZH,AtH,2) K0(C
HΛ
n )

lim−→(ZΛ0, At2) K0(C
Λ
n ),

∼=

ι ι∗

∼=

which commutes by Lemma 4.13.
The subdiagram formed by the second and third rows commutes by naturality of the Pimsner–

Voiculescu sequence.
For the top and bottom bands of squares, see the top band of the big diagram in the proof

of Proposition 4.9 applied to the 2-graphs HΛ and Λ.
Thus the whole diagram commutes. The rows are exact because the second and fourth rows

of vertical arrows are isomorphisms.
Now the result follows from Lemma 3.2 for

H1 = K1(B
HΛ
n ), H2 = K1(B

Λ
n ), G1 = ZH, G2 = ZΛ0, K1 = K0(B

HΛ
n ),

K2 = K0(B
Λ
n ), φ1 = AtH,2, φ2 = At2, ψ = ι, η = (ιH×Z)∗, and θ = (ιH×Z)∗. �

4.5. Step 3 and proof of Theorem 4.3. The last main piece of the puzzle we shall later
assemble is what’s needed for an analogue for BΛ

n analogue of equation (3.2).

Proposition 4.17. Let Λ be a row-finite 2-graph. Let φn,i be the maps of Proposition 4.9.
Then the diagram

0 K1(B
Λ
n ) ZΛ0 ZΛ0 K0(B

Λ
n ) 0

0 K1(B
Λ
n ) ZΛ0 ZΛ0 K0(B

Λ
n ) 0

φn,1

(lt1)∗

1−At
2

At
1

φn,0

At
1 (lt1)∗

φn,1 1−At
2 φn,0

commutes.
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Proof. Since the homomorphism lt1 : C
Λ
n → CΛ

n commutes with lt2, naturality of the Pimnser–
Voiculescu sequence implies that the diagram

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

(lt1 ×1)∗

1−(lt2)∗

(lt1)∗

(ι1)∗

(lt1)∗ (lt1 ×1)∗

1−(lt2)∗ (ι1)∗

commutes and has exact rows.
Just as in the proofs of Propositions 4.9 and 4.16, there are unique homomorphisms ζn and

ηn such that the corner squares of the 24-term tube-like diagram

0 K1(B
Λ
n ) lim−→(ZΛ0, At2) lim−→(ZΛ0, At2) K0(B

Λ
n ) 0

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

0 K1(C
Λ
n ⋊lt2 Z) K0(C

Λ
n ) K0(C

Λ
n ) K0(C

Λ
n ⋊lt2 Z) 0

0 K1(B
Λ
n ) lim−→(ZΛ0, At2) lim−→(ZΛ0, At2) K0(B

Λ
n ) 0

ζn

(ψn)∗

(lt1)∗

1−A2

∼=

A1

ηn

∼=

A1

(ψn)∗

(lt1)∗(lt1 ×1)∗

1−(lt2)∗

(lt1)∗

(ι1)∗

(lt1)∗ (lt1 ×1)∗

1−(lt2)∗ (ι1)∗

ζn

(ψn)∗

1−A2

∼=

ηn

∼= (ψn)∗

commute. We claim that the whole diagram commutes and that its rows are exact.
Consider the diagram

(4.2)

BΛ
n+1 BΛ

n BΛ
n+1

CΛ
n+1 ⋊lt2 Z CΛ

n ⋊lt2 Z CΛ
n+1 ⋊lt2 Z

lt1

ψn+1

ιn

ψn ψn+1

lt1 ×1 ιn

of C∗-homomorphisms. The left-hand square commutes because lt1 commutes with lt2. The
right-hand square commutes by Lemma 4.12. So the whole diagram commutes. Since the
two squares formed by the first and fourth columns of the 24-term diagram above are induced
by (4.2), it follows that they commute.

The diagram

ZΛ0 ZΛ0 ZΛ0

K0(C
Λ
n+1,m) K0(C

Λ
n,m) K0(C

Λ
n+1,m)

I At
1

(lt1)∗ (ιn)∗

is analogous to that in Lemma 4.15 and the proof that it commutes is more or less exactly the
same after remembering that the induced map is A1 (not the same as At,∞1 in our notation);
we won’t repeat the argument.

Thus the squares formed by the second and third columns of the 24-term diagram commute
by Corollary 4.8.

The subdiagram of the 24-term diagram formed by the second and third rows commutes by
naturality of the Pimsner–Voiculescu sequences.

Finally, the top and bottom bands of squares in the 24-term diagram are exactly the same
as the top band in the 24-term commuting diagram in the proof of Proposition 4.9. So the
whole diagram commutes, and the rows are exact because the second and fourth rows of vertical
arrows are isomorphisms.
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Now the result follows from Lemma 3.2 applied with

H1 = H2 = K1(B
Λ
n ), G1 = G2 = ZΛ0, K1 = K2 = K0(B

Λ
n ),

φ1 = φ2 = At2, ψ = At1, η = (lt1)∗, and θ = (lt1)∗. �

We are finally able to prove Theorem 4.3.

Proof of Theorem 4.3. Proposition 4.9 implies that the diagrams

K1(B
Λ
n ) ZΛ0 ZΛ0 K0(B

Λ
n )

K1(B
Λ
n+1) ZΛ0, ZΛ0 K0(B

Λ
n+1)

(ιn)∗

φn,1

At
1 At

1

φn,0

(ιn)∗

φn+1,1 φn+1,0

commute. Since direct limits of groups preserve exact sequences (Lemma 2.4), we can take a
direct limit of the entire commutative diagram in Proposition 4.16 to obtain the commuting
diagram

0 lim−→

(
K1(B

HΛ
n ), (ιn)∗

)
lim−→(ZH,AtH,1) lim−→(ZH,AtH,1) lim−→

(
K0(B

HΛ
n ), (ιn)∗

)
0

0 lim−→

(
K1(B

Λ
n ), (ιn)∗

)
lim−→(ZΛ0, At1) lim−→(ZΛ0, At1) lim−→

(
K0(B

Λ
n ), (ιn)∗

)
0

1−At,∞

H,2

1−At,∞
2

of exact sequences. Theorem 4.3(1) then follows from an application of Corollary 4.8(1).
Similarly, we can take a direct limit of the entire commutative diagram in Proposition 4.17

to obtain the commuting diagram

0 lim
−→

(
K1(B

Λ
n ), (ιn)∗

)
lim
−→

(ZΛ0, At1) lim
−→

(ZΛ0, At1) lim
−→

(
K0(B

Λ
n ), (ιn)∗

)
0

0 lim
−→

(
K1(B

Λ
n ), (ιn)∗

)
lim
−→

(ZΛ0, At1) lim
−→

(ZΛ0, At1) lim
−→

(
K0(B

Λ
n ), (ιn)∗

)
0

1−(lt1)∗

1−At,∞
2

1−At,∞
1 1−At,∞

2
1−(lt1)∗

1−At,∞
1

of exact sequences. Theorem 4.3(2) then follows as before from an application of Corol-
lary 4.8(1). �

4.6. K-theory of C∗(HΛ) and C∗(Λ). We will now go from our results about the K-theory
of skew product 2-graph algebras to the K-theory of the original 2-graph algebras themselves.
Let Λ be a row-finite 2-graph with no sources and H be a saturated hereditary subset of Λ0.
Denote the inclusion of C∗(HΛ) into C∗(Λ) by ιH and recall the map ιH×Z from Lemma 2.2.
Since ιH×Z commutes with lt1, it induces a homomorphism ιH×Z × 1 : C∗(HΛ×d1 Z)⋊lt1 Z →
C∗(Λ×d1 Z)⋊lt1 Z.

Lemma 4.18. Let Λ be a row-finite 2-graph with no sources. Let P0 ∈ M(C∗(Λ×d1 Z)⋊lt1 Z)
be the projection

P0 =
∑

v∈Λ0

ι1(p(v,0)).

Then there is an isomorphism ρ : C∗(Λ) → P0(C
∗(Λ×d1 Z)⋊lt1 Z)P0 such that

(4.3) ρ(sµ) = ι1(s(µ,0))ι2(d1(µ)) for all µ ∈ Λ.

The induced homomorphism ρ∗ : K∗(C
∗(Λ)) → K∗(C

∗(Λ ×d1 Z) ⋊lt1 Z) is an isomorphism.
Let H ⊆ Λ0 be a hereditary set, and write ρH : C∗(HΛ) → C∗(HΛ ×d1 Z) ⋊lt1 Z for the
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homomorphism obtained from the first statement for the 2-graph HΛ. Then the diagram

C∗(HΛ) C∗(HΛ×d1 Z)⋊lt1 Z

C∗(Λ) C∗(Λ×d1 Z)⋊lt1 Z

ρH

ιH ιH×Z×1

ρ

commutes.

Proof. Statement (1) is an application of Lemma 4.10—the induced homomorphism ρ∗ is an
isomorphism because P0 is full. Statement (2) follows directly from the formula (4.3). �

Theorem 4.19. Let Λ be a row-finite 2-graph with no sources, and let H ⊆ Λ0 be a hereditary
set. Let Ãt1 ∈ End(coker(1 − At2)) be the map induced by At1 ∈ End(ZΛ0), and let At1| ∈
End(ker(1 − At2)) be the restriction of At1. Write ÃtH,1 and AtH,1| for the corresponding maps

for HΛ. There is a homomorphism j : coker(1− Ãt1) → K0(C
∗(Λ)) such that

j
(
δv + im(1−At2) + im(1− Ãt1)

)
= [pv]

for all v ∈ Λ0, and a corresponding homomorphism jH for HΛ. There exist homomorphisms
τH , τ such that the diagram

0 coker(1− ÃtH,1) K0(C
∗(HΛ)) ker(1− AtH,1|) 0

0 coker(1− Ãt1) K0(C
∗(Λ)) ker(1− At1|) 0

jH

ι̃

τH

(ιH )∗ ι

j τ

commutes and has exact rows. There exist homomorphisms from coker(1− At1|) to K1(C
∗(Λ))

and from K1(C
∗(Λ)) to ker(1− Ãt1), and similarly for HΛ, such that the diagram

0 coker(1−AtH,1|) K1(C
∗(HΛ)) ker(1− ÃtH,1) 0

0 coker(1−At1|) K1(C
∗(Λ)) ker(1− Ãt1) 0

ι̃ (ιH )∗ ι

commutes and has exact rows.

Proof. In this proof, we will drop the adornments on the map ιH×Z × 1 to avoid cluttering the
diagrams and just write ι. Naturality of Pimsner–Voiculescu sequences gives us the following
commutative diagram in which the six term sequence forming the inner cycle and the six term
sequence forming the outer cycle are both exact:

(4.4)

K0(C
∗(HΛ×d1 Z)) K0(C

∗(HΛ×d1 Z)) K0(C
∗(HΛ×d1 Z)⋊lt1 Z)

K0(C
∗(Λ×d1 Z)) K0(C

∗(Λ×d1 Z)) K0(C
∗(Λ×d1 Z)⋊lt1 Z)

K1(C
∗(Λ×d1 Z)⋊lt1 Z) K1(C

∗(Λ×d1 Z)) K0(C
∗(Λ×d1 Z))

K1(C
∗(HΛ×d1 Z)⋊lt1 Z) K1(C

∗(HΛ×d1 Z)) K1(C
∗(HΛ×d1 Z)).

1−(lt1)∗

(ιH×Z)∗ (ιH×Z)∗

(ι1)∗

ι∗

1−(lt1)∗ (ι1)∗

(ι1)∗ 1−(lt1)∗

ι∗ (ιH×Z)∗

(ι1)∗ 1−(lt1)∗

(ιH×Z)∗

We want to add an outer cycle and an inner cycle just as we have added rows to previous
diagrams; to avoid a graphical bloodbath, we stretch the cycles in the previous diagram into
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columns so that the newly-added cyclic sequences appear as the leftmost and rightmost columns.
So we claim that there are unique homomorphisms θH , θ, θ̄H , θ̄, ξ

H , ξ, ξ̄H, ξ̄ such that the diagram

lim
−→

(coker(1− AtH,2), Ã
t
H,1) K0(C

∗(HΛ×d1 Z)) K0(C
∗(Λ×d1 Z)) lim

−→
(coker(1−At2), Ã

t
1)

lim−→(coker(1− AtH,2), Ã
t
H,1) K0(C

∗(HΛ×d1 Z)) K0(C
∗(Λ×d1 Z)) lim−→(coker(1−At2), Ã

t
1)

K0(C
∗(HΛ)) K0(C

∗(HΛ×d1 Z)⋊lt1 Z) K0(C
∗(Λ×d1 Z)⋊lt1 Z) K0(C

∗(Λ))

lim
−→

(ker(1−AtH,2), A
t
H,1|) K1(C

∗(HΛ×d1 Z)) K1(C
∗(Λ×d1 Z)) lim

−→
(ker(1−At2), A

t
1|)

lim
−→

(ker(1−AtH,2), A
t
H,1|) K1(C

∗(HΛ×d1 Z)) K1(C
∗(Λ×d1 Z)) lim

−→
(ker(1−At2), A

t
1|)

K1(C
∗(HΛ)) K1(C

∗(HΛ×d1 Z)⋊lt1 Z) K1(C
∗(Λ×d1 Z)⋊lt1 Z) K1(C

∗(Λ))

∼=

1−Ãt,∞
H,1

ι

(ιH×Z)∗

1−(lt1)∗ 1−(lt1)∗

∼=

1−Ãt,∞
1

∼=

θH

ι

(ιH×Z)∗

(ι1)∗ (ι1)∗

∼=

θ

(ρH )∗

θ̄H

(ιH )∗

ι∗
ρ∗

θ̄

∼=

1−At,∞
H,1

ι

(ιH×Z)∗

1−(lt1)∗ 1−(lt1)∗

∼=

1−At,∞
1

∼=

ξH
ι

(ιH×Z)∗

(ι1)∗ (ι1)∗

∼=

ξ

(ρH )∗

ξ̄H

(ιH )∗

ι∗ ρ∗

ξ̄

commutes and has exact columns.
There are unique homomorphisms θH , θ, θ̄H , θ̄, ξ

H, ξ, ξ̄H, ξ̄ that make the squares in which
they appear commute because the adjoining horizontal maps are isomorphisms. Since the
middle two columns are Pimsner–Voiculescu sequences, and hence exact, it follows that all four
columns are exact as well. The first, second, fourth, and fifth rows commute by Corollary 4.5(1),
and the third and sixth rows commute as they are induced from the commuting diagram of
Lemma 4.18. The middle vertical band of squares is (4.4), which commutes by naturality of
the Pimsner–Voiculescu sequence. The remaining squares commute either by definition or by
Corollary 4.5(2).

Deleting the middle two columns and retaining the outer two columns and dashed connecting
maps yields the commuting diagram

lim−→(coker(1− AtH,2), Ã
t
H,1) lim−→(coker(1− AtH,2), Ã

t
H,1) K0(C

∗(HΛ))

lim−→(coker(1− At2), Ã
t
1) lim−→(coker(1− At2), Ã

t
1) K0(C

∗(Λ))

K1(C
∗(Λ)) lim−→(ker(1−At2), A

t
1|) lim−→(ker(1−At2), A

t
1|)

K1(C
∗(HΛ)) lim

−→
(ker(1−AtH,2), A

t
H,1|) lim

−→
(ker(1−AtH,2), A

t
H,1|)

1−Ãt,∞
H,1

ι ι

θH

θ̄H

(ιH )∗

1−Ãt,∞
1 θ

θ̄ξ̄

ξ 1−At,∞
1

ξ̄H

(ιH )∗ ι

ξH 1−At,∞
H,1

ι

of exact sequences.
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Applying the first isomorphism theorem to the commuting diagram of five-term exact se-
quences centred on K0(C

∗(HΛ)) and on K0(C
∗(Λ)) yields the commuting diagram

0 coker(1− Ãt,∞H,1) K0(C
∗(HΛ)) ker(1−At,∞H,1) 0

0 coker(1− Ãt,∞1 ) K0(C
∗(Λ)) ker(1−At,∞1 ) 0

jH

ι̃ (ιH )∗ ι

j

with exact rows. (In the bottom row of this diagram, the cokernel is that of 1− Ãt,∞1 regarded

as an endomorphism of lim−→(coker(1 − At2), Ã
t
1), and the kernel is that of 1 − At,∞1 regarded as

an endomorphism of lim
−→

(ker(1−At2), A
t
1|); and analogously in the top row.)

Likewise, applying the first isomorphism theorem to the commuting diagram of five term
exact sequences centred on K1(C

∗(HΛ)) and on K1(C
∗(Λ)) gives the commuting diagram

0 coker(1−At,∞H,1) K1(C
∗(HΛ)) ker(1− Ãt,∞H,1) 0

0 coker(1−At,∞1 ) K1(C
∗(Λ)) ker(1− Ãt,∞1 ) 0

ι̃ (ιH )∗ ι

with exact rows. (Again, here the kernel and cokernel in the bottom row are with respect to the

endomorphisms 1 − At,∞1 ∈ End
(
lim−→(ker(1 − At2), A

t
H,1|)

)
and 1 − Ãt,∞1 ∈ End

(
lim−→(coker(1 −

At2), Ã
t
1)
)
; and analogously in the top row.)

Lemma 3.1 now yields the commuting diagrams in the statement of Theorem 4.19.
It remains to verify that j and jH satisfy the desired formulas; the arguments are identical

so we just argue for j. By definition, j is induced by θH via the first isomorphism theorem, so

j
(
δv + im(1− At2) + im(1− Ãt1)

)
= θ([δv + im(1−At2)]1),

so we must show that θ([δv + im(1− At2)]1) = [pv].

Let φ̃0 : lim
−→

(coker(1 − At2), Ã
t
1) → K0(C

∗(Λ ×d1 Z) be as in Corollary 4.5(1). Then θ is, by
definition, the homomorphism for which the diagram

K0(C
∗(Λ×d1 Z)) lim−→(coker(1− At2), Ã

t
1)

K0(C
∗(Λ×d1 Z)⋊lt1 Z) K0(C

∗(Λ))

(ι1)∗ θ

φ̃0

φ∗

commutes. Hence

φ∗ ◦ θ([δv + im(1− At2)]1) = (ι1)∗ ◦ φ̃0([δv + im(1− At2)]1) = (ι1)∗[p(v,1)] = [ι1(p(v,1))].

The projection ι1(p(v,1)) is equivalent to ι1(p(v,0)) in C∗(Λ ×d1 Z) ⋊lt1 Z as in the proof of
Proposition 4.9. Hence [ι1(p(v,1))] = [ι1(p(v,0))] = φ∗[pv]. Hence θ[δv + im(1 − At2)]1 = [pv] as
required, because φ∗ is injective. �

We can re-interpret the diagram describing K0-groups in Theorem 4.19 in terms of block
matrices as in [7]. Regard the block matrices

(1− At1, 1− At2) ∈MΛ0×(Λ0⊔Λ0)(Z) and

(
1−At1
1−At2

)

∈M(Λ0⊔Λ0)×Λ0(Z)

as homomorphisms from ZΛ0 ⊕ ZΛ0 to ZΛ0 and from ZΛ0 to ZΛ0 ⊕ ZΛ0 respectively, and
similarly for HΛ.

Since H is invariant under the Ati, the inclusion of ZH in ZΛ induces homomorphisms

ι̃ : coker(1−AtH,1, 1−A
t
H,2) → coker(1−At1, 1−A

t
2) and ι : ker

(
1−AtH,1
1−AtH,2

)

→ ker

(
1− At1
1− At2

)

.
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Theorem 4.20. Let Λ be a row-finite 2-graph with no sources, and let H be a hereditary subset
of Λ0. Let ι̃ and ι be as above, and let (ιH)∗ : K0(C

∗(HΛ)) → K0(C
∗(Λ)) be the homomorphism

induced by the inclusion of C∗-algebras. There is a homomorphism j : coker(1−At1, 1−At2) →
K0(C

∗(Λ)) such that j(δv + im(1−At1, 1−At2)) = [pv], and a corresponding homomorphism jH
for HΛ, and there are homomorphisms τH , τ such that the diagram

0 coker(1−AtH,1, 1− AtH,2) K0(C
∗(HΛ)) ker

(
1− AtH,1
1− AtH,2

)

0

0 coker(1−At1, 1− At2) K0(C
∗(Λ)) ker

(
1− At1
1− At2

)

0

jH

ι̃

τH

(ιH )∗ ι

j τ

commutes and has exact rows.

Proof. We have ker([1− At1]|ker(1−At
2)
) = ker(1− At1) ∩ ker(1− At2) = ker

( 1−At
1

1−At
2

)
. So the result

will follow once we show that there is an isomorphism coker(1 − Ãt1)
∼= coker(1 − At1, 1 − At2)

that carries y + im(1 − At2) to y + im(1 − At1, 1 − At2), and similarly for H . For y ∈ ZΛ0, we
have

y + im(1− At2) ∈ im(1− Ãt1)

⇐⇒ y − (1− At1)ỹ ∈ im(1− At2) for some ỹ ∈ ZΛ0

⇐⇒ y = (1−At1)ỹ + (1− At2)ȳ for some ỹ, ȳ ∈ ZΛ0

⇐⇒ y ∈ im(1−At1, 1− At2).

The argument for H is identical. �

Remark 4.21. In [7, Proposition 3.16], Evans shows that

K0(C
∗(Λ)) ∼= coker(1−At1, 1−At2)⊕ ker

(
At2 − 1
1− At1

)

and

K1(C
∗(Λ)) ∼= ker(1− At1, 1−At2)/ im

(
1− At1
1− At2

)

.

The advantage of Evans’ method using spectral sequences is the neat description of the K-
groups, and in particular the explicit description of K1(C

∗(Λ)). The drawback is that we were
unable to deduce from Evans’ approach whether the sequence

0 coker(1− At1, 1−At2) K0(C
∗(Λ)) ker

(
At2 − 1
1− At1

)

0

was natural with respect to the inclusion of C∗(HΛ) into C∗(Λ). The advantage of our approach
using Pimsner–Voiculescu sequences alone was that we were able to obtain Theorem 4.20. The
drawback of our method is that we do not obtain the splitting for K0, nor a nice description of
K1.

Note that in Evans’ result, there is a switch of signs and in the block matrices ordering
compared to our description. Evans’ conventions were chosen to match the standard form of
the maps in the Koszul resolution that he uses to compute the homology groups appearing in
the Kasparov spectral sequence (see [7, pp. 11–12] and [22, Corollary 4.5.5]). However, the
kernels and images of his maps are identical to those of ours, so that the difference is just one
of presentation.
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5. Stably finite extensions

Let Λ be a row-finite 2-graph with no sources. The matrix condition

{(1−At1)f + (1−At2)g : f, g ∈ ZΛ0} ∩ NΛ0 = {0},(M)

was introduced in [5]. Theorem 1.1 of [5] implies that if Λ is cofinal in the sense that it admits
no saturated hereditary subsets other than ∅ and Λ0, then C∗(Λ) is stably finite if and only if
Λ satisfies (M). When H is a hereditary subset, the extra condition that H is also saturated
guarantees that Λ \ΛH has no sources. Since we defined the matrix condition (M) specifically
for row-finite 2-graphs with no sources, we require that H is saturated in the following lemma.

Lemma 5.1. Let Λ be a row-finite 2-graph with no sources and let H be a saturated hereditary
subset. There is a homomorphism ι̃ : coker(1 − AtH,1, 1 − AtH,2) → coker(1 − At1, 1 − At2) such
that ι̃(f + im(1−AtH,1, 1−AtH,2)) = f + im(1−At1, 1−At2) for all f ∈ ZH. If Λ satisfies (M),
then HΛ satisfies (M) and

(5.1) ker(ι̃) ∩ [NH + im(1−AtH,1, 1− AtH,2)] = {0}.

Conversely, if Λ \ ΛH and HΛ both satisfy (M) and (5.1) holds, then Λ satisfies (M).

Proof. Let ι be the inclusion ZH →֒ ZΛ0. Lemma 2.1 implies that ι(im(1− AtH,1, 1− AtH2
)) ⊆

im(1 − At1, 1 − At2), which shows that there exists a homomorphism ι̃ as described. It also
implies that if Λ satisfies (M), then

{(1− AtH,1)f + (1−AtH,2)g : f, g ∈ ZH} ∩ NH

⊆ {(1− At1)f + (1− At2)g : f, g ∈ ZΛ0} ∩ NΛ0 = {0},

so that HΛ also satisfies (M). Moreover, if m ∈ NH and ι̃(m + im(1 − AtH,1, 1 − AtH,2)) = 0,

then ι(m) ∈ im(1 − At1, 1 − At2) ∩ NΛ0 = {0}, and since ι is injective, we deduce that m = 0.
So (5.1) is satisfied.

For the other direction, suppose that HΛ and Λ \ ΛH satisfy (M), and that

ker(ι̃) ∩ [NH + im(1− AtH,1, 1−AtH,2)] = {0}.

Fix f ∈ im(1−At1, 1−At2)∩NΛ0 and write f =

(
f1
f2

)

where f1 ∈ N(Λ0 \H) and f2 ∈ NH , and

fix g, h ∈ ZΛ0 such that f = (1−At1)g+(1−At2)h. To avoid notational clutter, in this proof we

write Bt
i := AtΛ0\H,i for i = 1, 2. Then writing g =

(
g1
g2

)

and h =

(
h1
h2

)

for g1, h1 ∈ Z(Λ0 \H)

and g2, h2 ∈ ZH , we have
(
f1
f2

)

=

(
1−Bt

1 0
∗ 1−AtH,1

)(
g1
g2

)

+

(
1−Bt

2 0
∗ 1− AtH,2

)(
h1
h2

)

.

Thus f1 = (1 − Bt
1)g1 + (1 − Bt

2)h1 ∈ im(1 − Bt
1, 1 − Bt

2) ∩ N(Λ0 \ H). Note that the Bi are
precisely the 1-graph adjacency matrices for (Λ \ΛH)i and that (Λ \ΛH)0 = Λ0 \H . Thus the
matrix condition (M) for Λ \ ΛH implies that f1 = 0. In particular,

0 = f + im(1− At1, 1−At2) = ι̃(f2 + im(1− AtH,1, 1− AtH,2)),

so that f2 ∈ ker(ι̃) ∩ [NH + im(1− AtH,1, 1− AtH,2)] = {0}. So f = 0. �

Remark 5.2. For the purposes of this paper, we only need the first direction of Lemma 5.1; we
include the converse for completeness and in case it is useful in future work.

Let j : coker(1− At1, 1− At2) → K0(C
∗(Λ)) be as in Theorem 4.20. Then

j(NΛ0 + im(1−At1, 1−At2)) = N{[pv] : v ∈ Λ0} ⊂ Z{[pv] : v ∈ Λ0} ∩K0(C
∗(Λ))+

= im(j) ∩K0(C
∗(Λ))+.
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It is not known when the other inclusion holds. It does hold for many examples, including all
2-graphs that either have no red cycles or no blue cycles by the combination of [21, Lemma 1.5]
and [5, Theorem 5.1]. So we take it as an assumption in our main theorem later.

We say that a row-finite 2-graph Λ with no sources satisfies the positive-elements condition
if

j[NΛ0 + im(1−At1, 1−At2)] = im(j) ∩K0(C
∗(Λ))+.(P)

There are various equivalent ways of describing condition (P).

Proposition 5.3. Let Λ be a row-finite 2-graph with no sources. The following conditions are
equivalent.

(1) Λ satisfies condition (P).
(2) Λ satisfies the condition

Z{[pv] : v ∈ Λ0} ∩K0(C
∗(Λ))+ = N{[pv] : v ∈ Λ0}.(N)

(3) Writing ι1 : C
∗(Λ×d1Z) → C∗(Λ×d1Z)⋊lt1Z for the natural inclusion of the skew-graph

algebra into its crossed product, we have

(ι1)∗
(
K0(C

∗(Λ×d1 Z))+
)
= im((ι1)∗) ∩K0(C

∗(Λ×d1 Z)⋊lt1 Z)+.(K)

Remark 5.4. Of the conditions in Proposition 5.3, (N) is the most natural and conceptually
easy to grasp. In the proof of our main result, we will use the condition in the form (P) for
the graph HΛ because the map jH appears in a commuting diagram. We include the third
condition becase it is a familiar sticking point for crossed-product C∗-algebras, so it provides
context for what may look, on the face of it, like an innocuous hypothesis.

To prove the above proposition, we first need the following lemma.

Lemma 5.5. Let Λ be a row-finite 2-graph with no sources. Then

K0(C
∗(Λ×d1 Z))+ = N{[p(v,n)] : v ∈ Λ0, n ∈ N}.

Proof. Taking the BΛ
n and ιn : BΛ

n → BΛ
n+1 from Section 4 for which K0(C

∗(Λ ×d1 Z)) =
lim
−→

(BΛ
n , ιn), we know that

lim
−→

(K0(B
Λ
n ), (ιn)∗)

∼= K0(C
∗(Λ×d1 Z)).

Let Λ2 be the sub-1-graph {λ ∈ Λ : d1(λ) = 0} and let Qn ∈ M(BΛ
n ) be the projection

∑

v∈Λ0 p(v,n). In the spirit of Section 4, it is not hard to see that C∗(Λ2) ∼= QnB
Λ
nQn and that

BΛ
n = BΛ

nQnB
Λ
n . Thus, C∗(Λ2) is isomorphic to a full corner in Bn. Hence, for each n ∈ Z,

there is an isomorphism K0(C
∗(Λ2)) ∼= K0(B

Λ
n ) that carries a class [pv] to the class [p(v,n)].

Since Λ2 is a 1-graph, [2, Theorem 7.1] implies that K0(C
∗(Λ2))+ = N{[pv] : v ∈ Λ0} (this is

because, in their notation, for a directed graph E the positive cone K0(C
∗(E))+ is the monoid

V (C∗(E)) and N{[pv] : v ∈ E0} is ME). In particular, K0(B
Λ
n )+ = N{[p(v,n)] : v ∈ Λ0} and

(ιn)∗[K0(B
Λ
n )+] ⊂ K0(B

Λ
n+1)+ since the inclusion map ιn corresponds to the nonnegative-integer

matrix At1 (Proposition 4.9). Thus, writing ιn,∞ : BΛ
n → C∗(Λ×d1 Z) for the inclusion maps,

K0(C
∗(Λ×d1 Z))+ =

⋃

n∈N

ιn,∞(K0(B
Λ
n )+) = N{[p(v,n)] : v ∈ Λ0, n ∈ N}. �

Proof of Proposition 5.3. Conditions (P) and (N) are clearly equivalent. We prove that condi-
tions (P) and (K) are also equivalent.

Consider the commuting diagram

lim
−→

(coker(1− At2), Ã
t
1) lim

−→
(coker(1−At2), Ã

t
1) K0(C

∗(Λ))

K0(C
∗(Λ×d1 Z)) K0(C

∗(Λ×d1 Z)) K0(C
∗(Λ×d1 Z)⋊lt1 Z)

φ̃0

1−Ãt,∞
1

φ̃0

θ

ρ∗

1−(lt1)∗ (ι1)∗
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comprised of the top two squares of the right-most column of the 24-term diagram in the
proof of Theorem 4.19. Let π denote the quotient map from lim

−→
(coker(1 − At2), Ã

t
1) onto

coker(1− Ãt,∞1 ) and let θ̃ be the induced map such that θ̃ ◦ π = θ. Let R : coker(1− Ãt,∞1 ) →
coker(1− Ãt1), [δv+im(1−At2)]n+im(1− Ãt,∞1 ) 7→ δv+im(1−At2)+ im(1− Ãt1) be the induced
isomorphism from Lemma 3.1 and let j be the map in Theorem 4.19. Then the diagram

lim
−→

(coker(1− At2), Ã
t
1) coker(1− Ãt,∞1 ) coker(1− Ãt1)

K0(C
∗(Λ))

π

θ

R

θ̃
j

commutes. Now

NΛ0 + im(1− At2) + im(1− Ãt1) = R
(
N{[δv + im(1− At2)]n + im(1− Ãt1) : v ∈ Λ0, n ∈ N}

)

and im(j) = im(θ̃). Hence (P) holds if and only if

(5.2) θ̃
(
N{[δv + im(1−At2)]n + im(1− Ãt1) : v ∈ Λ0, n ∈ N}

)
= im(θ̃) ∩K0(C

∗(Λ))+.

We have

N{[δv+im(1−At2)]n+im(1−Ãt1) : v ∈ Λ0, n ∈ N} = π
(
N{[δv + im(1− At2)]n : v ∈ Λ0, n ∈ N}

)
,

and since π is surjective, im(θ̃) = im(θ). Hence (5.2) holds if and only if

(5.3) θ[N{[δv + im(1− At2)]n : v ∈ Λ0, n ∈ N}] = im(θ) ∩K0(C
∗(Λ))+.

Since φ∗ ◦ θ = (ι1)∗ ◦ φ̃0 and φ̃0 is an isomorphism,

φ∗(im(θ)) = im(φ∗ ◦ θ) = im((ι1)∗ ◦ φ̃0) = im((ι1)∗).

By Takai duality, φ : C∗(Λ) → C∗(Λ ×d1 Z) ⋊lt1 Z induces an order isomorphism in K-theory,
so

φ∗(K0(C
∗(Λ))+) = K0(C

∗(Λ×d1 Z)⋊lt1 Z)+.

Applying φ∗ to both sides of (5.3), we see that (5.3) holds if and only if

(5.4) (ι1)∗◦ φ̃0

(
[N{[δv + im(1− At2)]n : v ∈ Λ0, n ∈ N}

)
= im((ι1)∗)∩K0(C

∗(Λ×d1Z)⋊lt1Z)+.

Finally,

φ̃0

(
N{[δv + im(1− At2)]n : v ∈ Λ0, n ∈ N}

)
= N{[p(v,n)] : v ∈ Λ0, n ∈ N} = K0(C

∗(Λ×d1 Z))+.

Hence (5.4) is equivalent to (K). �

We can now state and prove our main result.

Theorem 5.6. Let Λ be a row-finite 2-graph with no sources and H ⊂ Λ0 be a saturated
hereditary subset. Assume that

{(1− At1)f + (1−At2)g : f, g ∈ ZΛ0} ∩ NΛ0 = {0}, and(M)

Z{[pv] : v ∈ H} ∩K0(C
∗(HΛ))+ = N{[pv] : v ∈ H}.(N)

If C∗(HΛ) and C∗(Λ \ ΛH) are stably finite then C∗(Λ) is stably finite.

Proof. Let IH := span{sµs
∗
ν : s(µ) = s(ν) ∈ H}. Consider the following short exact sequence:

0 IH C∗(Λ) C∗(Λ)/IH 0.i

Then C∗(HΛ) is stably isomorphic to IH and C∗(Λ \ ΛH) is isomorphic to C∗(Λ)/IH [15,
Theorem 5.2], so IH and C∗(Λ)/IH are stably finite because C∗(HΛ) and C∗(Λ \ ΛH) are.

By Spielberg’s result Theorem 2.3, C∗(Λ) is stably finite if and only if

ker i∗ ∩K0(IH)+ = {0}.(S)
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Let ιH : C∗(HΛ) → C∗(Λ) be the canonical inclusion. Since C∗(HΛ) embeds into IH which
embeds into C∗(Λ), and since K0(C

∗(HΛ)) ∼= K0(IH), Equation (S) holds if and only if

(5.5) ker (ιH)∗ ∩K0(C
∗(HΛ))+ = {0}.

We are going to use Theorem 4.20, so we adopt its notation. The map

ι : ker

(
1− AtH,1
1− AtH,2

)

⊂ ZH → ker

(
1− At1
1− At2

)

⊂ ZΛ0

is injective. So if x /∈ im(jH) = ker(τH), then x /∈ ker(ι ◦ τH) = ker(τ ◦ (ιH)∗) ⊃ ker((ιH)∗).
Hence (5.5) is equivalent to

(5.6) ker((ιH)∗) ∩ (im(jH) ∩K0(C
∗(HΛ))+) = {0}.

Since HΛ satisfies (N), and hence (P) by Proposition 5.3,

im(jH) ∩K0(C
∗(HΛ))+ = jH

(
NH + im(1− AtH,1, 1−AtH,2)

)
.

Thus (5.6) is equivalent to

ker((ιH)∗) ∩ jH
(
NH + im(1−AtH,1, 1− AtH,2)

)
= {0},

and hence to

(5.7) ker((ιH)∗ ◦ jH) ∩
(
NH + im(1−AtH,1, 1− AtH,2)

)
= {0}.

By exactness of the bottom row of the diagram in Theorem 4.20, the map j : coker(1 −
At1, 1−At2) → K0(C

∗(Λ)) is injective. So ker((ιH)∗ ◦ jH) = ker(j ◦ ι̃) = ker(ι̃). The first part of
Lemma 5.1 gives

ker(ι̃) ∩
(
NH + im(1− AtH,1, 1−AtH,2)

)
= {0},

giving 5.7 and hence (S), whence C∗(Λ) is stably finite. �

To conclude, we show that we can bootstrap from Theorem 5.6 to obtain a result for 2-graphs
with finite chains of saturated hereditary subsets. Observe that this includes all 2-graphs with
finitely many vertices. We need the following definition. A cycle in a coordinate graph Λi of a
2-graph Λ is a path λ ∈ Λ \ Λ0 such that r(λ) = s(λ) and d(λ) ∈ Nei.

Corollary 5.7. Let Λ be a row-finite 2-graph with no sources. Suppose that Λ has a finite chain

(5.8) H0 := ∅ ( H1 ( · · · ( Hn ( Hn+1 := Λ0

of saturated hereditary subsets that is maximal in the sense that for each m ≥ 1 there is no
saturated hereditary set H such that Hm−1 ( H ( Hm. Suppose that Λ \ΛHm satisfies (M) for
each m = 0, . . . , n and that HmΛ satisfies (N) for m = 1, . . . , n. Then C∗(Λ) is stably finite. If
there are no cycles in the coordinate graph Λ1, or if there are no cycles in the coordinate graph
Λ2, then C

∗(Λ) is AF-embeddable.

Proof. Since H1 has no proper saturated hereditary subsets, H1Λ is cofinal by [12, Lemma 5.2].
As Λ = Λ \ ΛH0 satisfies (M) so does H1Λ by Lemma 5.1. Hence C∗(H1Λ) is stably finite by
[5, Theorem 1.1(1)].

Fix m ∈ {1, . . . , n} and assume that C∗(HmΛ) is stably finite. We need to show that
C∗(Hm+1Λ) is stably finite by applying Theorem 5.6 to the 2-graph Hm+1Λ and the saturated
hereditary subset Hm ⊂ Hm+1 = (Hm+1Λ)

0. Again Hm+1Λ satisfies (M) by Lemma 5.1 as
Λ does. Furthermore, as HmΛ satisfies (N) and C∗(HmΛ) is stably finite by assumption, it
remains to show that C∗(Hm+1Λ \ ((Hm+1Λ)Hm)) is stably finite.

Since the chain (5.8) is maximal, the set of vertices Hm+1 \Hm of (Hm+1Λ) \ ((Hm+1Λ)Hm)
has no proper saturated hereditary subsets, and hence Hm+1Λ\ ((Hm+1Λ)Hm) is cofinal by [12,
Lemma 5.2]. As Λ \ ΛHm satisfies (M), so does Hm+1Λ \ ((Hm+1Λ)Hm) = (Hm+1 \ Hm)(Λ \
ΛHm) by Lemma 5.1. Thus the C∗-algebra of Hm+1Λ \ ((Hm+1Λ)Hm) is stably finite by [5,
Theorem 1.1(1)].
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So Theorem 5.6 implies that C∗(Hm+1Λ) is stably finite. By induction, C∗(Λ) = C∗(Hn+1Λ)
is stably finite.

The final statement about AF-embeddability follows from [5, Theorem 5.1]. �

6. Examples

We illustrate our results by discussing two 2-graphs. In both examples, the bulk of the work
is in verifying that the 2-graph satisfies the matrix condition (M). We call the first coordinate
graph Λe1 the blue subgraph and the second coordinate graph Λe2 the red subgraph. Cycles in
the blue and red subgraphs are called blue and red cycles respectively.

6.1. Throughout this subsection, let Λ be the 2-graph with skeleton shown in Figure 6.1.

v1 v2 v3 v4 . . .

w1 w2 w3 w4 . . .

x1 x2 x3 x4 . . .y1y2y3y4. . .

Figure 6.1

Notice that Λ is not cofinal and hence [5, Theorem 1.1] does not apply; also Λ has blue and
red cycles and hence [5, Theorem 5.1] does not apply. We will show that C∗(Λ) is stably finite
using Theorem 5.6.

To do this, we will apply the theorem to the saturated hereditary subset

H := {xn, yn : n ≥ 1},

which is the disjoint union of the saturated hereditary subsets H1 := {xn : n ≥ 1} and H2 :=
{yn : n ≥ 1}. Notice that the constant function 1 is a faithful graph trace on HiΛ for i = 1, 2.
Since each HiΛ is cofinal, each C∗(HiΛ) is AF-embeddable by [5, Theorem 1.1]. So the direct
sum C∗(HΛ) is AF-embeddable as well.

Let E be the blue subgraph of the skeleton of the quotient graph Λ\HΛ. Since no cycle of the
directed graph E has an entrance, C∗(E) is AF-embeddable by [20]. Notice that Λ \HΛ is the
pullback of E by f : N2 → N given by f(m) = m1 +m2. By [9, Corollary 3.5(iii)], C∗(Λ \HΛ)
is isomorphic to C∗(E) ⊗ C(T). So if we choose an embedding i : C∗(E) → A of C∗(E) in an
AF algebra A and let π : K → T be a continuous surjection of the Cantor set K onto T, then
i ⊗ π∗ is an embedding of C∗(E) ⊗ C(T) in the AF-algebra A ⊗ C(K). Thus C∗(Λ \ HΛ) is
AF-embeddable.

It remains to verify that Λ satisfies the matrix condition (M) and that HΛ satisfies condition
(N).

Lemma 6.1. The graph Λ satisfies the matrix condition (M).

Proof. Let A1, A2 be the coordinate matrices for Λ. We need to show that

( 2∑

i=1

im(1− Ati)
)

∩ NΛ0 = {0}.
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Let g, h ∈ ZΛ0 and suppose that

f := (1− At1)g + (1−At2)h ∈ NΛ0;

we will show that f = 0.
We write v, w, x, y for the ordered sets of vertices {vn : n ≥ 1}, {wn : n ≥ 1}, {xn : n ≥ 1}

and {yn : n ≥ 1}, respectively. Then with respect to the ordering v ∪ w ∪ x ∪ y we have

1− At1 =







∗ 0 0 0
−1 0 0 0
∗ 0 ∗ 0
0 0 0 0







and 1−At2 =







∗ 0 0 0
−1 0 0 0
0 0 0 0
∗ 0 0 ∗







where the blocks labelled ∗ are given by:

(1− At1)(vm, vn) = (1−At2)(vm, vn) = (1− At1)(xm, xn) = (1−At2)(ym, yn)

=







1 if n = m

−1 if m+ 1 = n

0 else;

(1− At1)(xm, vn) = (1− At2)(ym, vn) =

{

−1 if m = 1

0 else.

We write f = f v+ fw+ fx+ f y where f v = f |v and A
v
1 for the (v, v) block of A1 (and similarly

for w, x, y and A2, and for g, h ∈ ZΛ0 below). We will show that f v, fw, fx and f y are all zero,
and then f = 0 as well.

We have

f v = (1− (Av1)
t)gv + (1− (Av2)

t)hv ∈ N(vΛv)0.

In vΛv, we have vnΛ
e1vn+1 = vnΛ

e2vn+1 for all n and hence C∗(vΛv) is AF-embeddable by [5,
Proposition 7.2]. Since vΛv is cofinal, vΛv satisfies the matrix condition by [5, Theorem 1.1].
Thus f v = 0.

Since 1 − (Av1)
t = 1 − (Av2)

t we get gv + hv ∈ ker(1 − (Av1)
t) = {0}. Thus gv = −hv. This

gives

f(wn) = ((1− At1)g)(wn) + ((1− At2)h)(wn)

=
∑

u∈Λ0

(1− At1)(wn, u)g(u) +
∑

u∈Λ0

(1− At2)(wn, u)h(u)

= −g(vn) + (−h(vn)) = 0

for all n ≥ 1. Thus fw = 0.
Since the entries of the rows of 1−At2 corresponding to any xn are all 0 we have ((1−A

t
2)h)

x =
0. Now another calculation gives

f(xn) = ((1− At1)g)(xn) =

{

−
∑∞

i=1 g(vi) + g(x1) if n = 1

g(xn)− g(xn−1) if n > 1.

Thus fx = (g(x1)−
∑∞

i=1 g(vi))δx1 +
∑∞

n=2(g(xn)− g(xn−1))δxn. Since f
x ≥ 0 we get the chain

· · · ≥ g(xn) ≥ · · · ≥ g(x2) ≥ g(x1) ≥
∞∑

i=1

g(vi).

Similarly,

0 ≤ f(yn) = 0 + ((1− At2)h)(yn) =

{

−
∑∞

i=1 h(vi) + h(y1) if n = 1

h(yn)− h(yn−1) if n > 1
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and we get the chain

· · · ≥ h(yn) ≥ · · · ≥ h(y2) ≥ h(y1) ≥
∞∑

i=1

h(vi).

We claim that
∑∞

i=1 g(vi) = 0. If
∑∞

i=1 g(vi) > 0, then

· · · ≥ g(xn) ≥ · · · ≥ g(x2) ≥ g(x1) ≥
∞∑

i=1

g(vi) > 0,

which implies that g has infinite support, a contradiction. If
∑∞

i=1 g(vi) < 0, then since gv =
−hv we have

≥ · · ·h(yn) ≥ · · · ≥ h(y2) ≥ h(y1) ≥
∞∑

i=1

h(vi) = −
∞∑

i=1

g(vi) > 0,

which implies that h has infinite support, also a contradiction. Thus
∑∞

i=1 g(vi) = 0 as claimed,
and it follows that

∑∞
i=1 h(vi) = 0 as well. Now we have

0 ≤ fx = g(x1)δx1 +
(
g(x2)− g(x1)

)
δx2 +

(
g(x3)− g(x2)

)
δx3 + · · · = (1− (Ax1)

t)gx;

0 ≤ f y = h(y1)δy1 +
(
h(y2)− h(y1)

)
δy2 +

(
h(y3)− h(y2)

)
δy3 + · · · = (1− (Ay2)

t)hy.

The blue graph x1Λ
e1 and the red graph y1Λ

e2 have vertex matrices Ax1 and Ay2, respectively,
and their C∗-algebras are the compact operators. Thus x1Λ

e1 and y1Λ
e2 satisfy the matrix

condition for 1-graphs by [5, Lemma 4.2]. Thus fx = 0 = f y. We have shown that f = 0 and
hence that Λ satisfies the matrix condition. �

Lemma 6.2. The graph HΛ satisfies the positive-elements condition (P).

Proof. For condition (P) we have to show that

j
(
NH + im(1−AtH,1, 1− AtH,2)

)
⊃ im(j) ∩K0(C

∗(HΛ))+.

Since H is the disjoint union of the saturated hereditary subset H1 = {xn : n ≥ 1} and H2 =
{yn : n ≥ 1}, it suffices to show that this inclusion holds for H1Λ.

Let B1 and B2 be the vertex matrices for H1Λ. For n ≥ 1 we have (1−Bt
1)δxn = δxn − δxn+1 ,

and 1− Bt
2 = 0. In particular,

δx1 + im(1− Bt
1, 1− Bt

2) = δxn + im(1− Bt
1, 1− Bt

2).

Let x ∈ im(j)∩K0(C
∗(H1Λ))+. Then there exist a finite subset F of {1, 2, . . . } and an ∈ Z for

n ∈ F such that x = j
(∑

n∈F anδxn + im(1− Bt
1, 1− Bt

2)
)
. Then

x = j
((∑

n∈F

an

)

δx1 + im(1− Bt
1, 1−Bt

2)
)

=
(∑

n∈F

an
)
[px1 ] ∈ K0(C

∗(H1Λ))+.

Thus
∑

n∈F an ∈ N and x ∈ j
(
NH + im(1−Bt

1, 1− Bt
2)
)
as needed. �

Condition (P) is the same as condition (N) by Proposition 5.3. So we have now verified all
the hypotheses of Theorem 5.6 and we conclude that C∗(Λ) is stably finite.

6.2. Throughout this subsection, Λ is the 2-graph of [8, Example 6.3] with skeleton shown in
Figure 6.2.

We pick a vertex of Λ that emits blue and red edges with the same range, and name it v0,0.
Then we put a Z2 grid on the set of vertices. We call the collection of vertices {v0,n : n ∈ Z}
the spine of the graph. The hereditary and saturated subset H of vertices to the left of the
spine is then H = {vm,n : m < 0, n ∈ Z}, and the graph ΛH is shown shaded in Figure 6.2.
The quotient graph Λ \ ΛH has the generalised cycle (in the sense of [8]) (α, β) with entrance
the blue edge γ with range equal to the range of α and β. Hence the vertex projection at the
range of γ is infinite. Thus the C∗-algebra of Λ \ ΛH is not stably finite.



STABLY FINITE EXTENSIONS OF RANK-TWO GRAPH C
∗-ALGEBRAS 33

...

...

...

...

αβ

...

...

γ

...

...

...

...

. . . . . .

. . . . . .

. . . . . .

. . . . . .

v0,0

Figure 6.2

Nevertheless, we can show that C∗(Λ) is AF-embeddable: since Λ contains no blue or red
cycles, it suffices by [5, Theorem 5.1] to verify that the matrix condition holds. (We could also
apply Theorem 5.6 to the hereditary and saturated subset K = {vm,n : m 6= 0} — it is easy to
see that KΛ satisfies (N) — to conclude that C∗(Λ) is stably finite, but using [5, Theorem 5.1]
is obviously more efficient and gives a stronger result.)

Lemma 6.3. The graph Λ satisfies the matrix condition (M).

Proof. Let A1, A2 be the vertex matrices for Λ. Let 0 6= f ∈
(
im(1−At1) + im(1−At2)

)
∩NΛ0

and look for a contradiction. Fix g, h ∈ ZΛ0 such that

f = (1− At1)g + (1−At2)h.

Our first claim is that f(v0,n) = 0 for all n ∈ Z. We have

0 ≤ f(v0,n) =
(
(1− At1)g + (1−At2)h

)
(v0,n)

= g(v0,n)− g(v0,n−1) + h(v0,n)− h(v0,n−1).

Let Γ := Λ{v0,n : n ∈ Z} and Mi = Ai|Γ0 be the vertex matrices for Γ. Then the 2-graph Γ is
the graph with vertices the spine of Λ and each vertex v0,n of Γ emits one blue and red edge
with range v0,n−1. The C∗-algebra of this graph Γ is AF-embeddable by [5, Proposition 7.2],
and hence Γ satisfies the matrix condition by [5, Theorem 1.1]. We have

f |Γ0 = ((1− At1)g)|+ ((1− At2)h)|

= (1−M t
1)g|+ (1−M t

2)h| ∈
(
im(1−M t

1) + im(1−M t
2)
)
∩ NΛ0

and hence f |Γ0 = 0. Thus f(v0,n) = 0 for all n ∈ Z, as claimed.
Next we claim that g(v0,n) = −h(v0,n) for all n ∈ Z. If g(v0,n) = h(v0,n) = 0 for all n ∈ Z,

then we are done. So suppose there exists n ∈ Z such that one of g(v0,n) or h(v0,n) is nonzero.
Since g, h have finite support, we can let

n0 := max{n ∈ Z : one of g(v0,n) or h(v0,n) is nonzero}.
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Then g(v0,n) = h(v0,n) = 0 for n > n0. We have

0 = f(v0,n0+1) = g(v0,n0+1)− g(v0,n0) + h(v0,n0+1)− h(v0,n0)

= −g(v0,n0)− h(v0,n0).

Thus g(v0,n0) = −h(v0,n0). Now

0 = f(v0,n0) = g(v0,n0)− g(v0,n0−1) + h(v0,n0)− h(v0,n0−1)

= −g(v0,n0−1)− h(v0,n0−1).

Thus g(v0,n0−1) = −h(v0,n0−1). By induction, g(v0,n) = −h(v0,n) for all n ∈ Z, as claimed.
Let i = 1 and n ∈ Z. Then

0 ≤ f(v1,n) + f(v−1,n)

= g(v1,n)− g(v0,n) + h(v1,n)− h(v1,n−1)

+ g(v−1,n)− g(v−1,n−1) + h(v−1,n)− h(v0,n)

= g(v1,n) + h(v1,n)− h(v1,n−1) + g(v−1,n)− g(v−1,n−1) + h(v−1,n)

using that g(v0,n) = −h(v0,n) for all n ∈ Z. Summing over Z, and recognising the sum as
telescoping, gives

0 ≤
∑

n∈Z

g(v1,n) + h(v−1,n).

For i ≥ 2 we have

0 ≤ f(vi,n) + f(v−i,n)

= g(vi,n)− g(vi−1,n) + h(vi,n)− h(vi,n−1)

+ g(v−i,n)− g(v−i,n−1) + h(v−i,n)− h(v−i+1,n).

This time, summing over n gives
∑

n∈Z

g(vi,n) + h(v−i,n) ≥
∑

n∈Z

g(vi−1,n) + h(v−(i−1),n).

It now follows that
∑

n∈Z

g(vi,n) + h(v−i,n) ≥
∑

n∈Z

g(vi′,n) + h(v−i′,n)

for 1 ≤ i′ ≤ i. But since f > 0, there exists i0 ≥ 1 such that f(vi0,j) + f(v−i0,j) > 0 for some
j ∈ Z. Then for all i ≥ i0 + 1 we have

∑

n∈Z

g(vi,n) + h(v−i,n) >
∑

n∈Z

g(vi0,n) + h(−i0, n).

But this implies that g + h has infinite support, a contradiction. Thus f = 0, as needed. �

It follows from the lemma and [5, Theorem 5.1] that C∗(Λ) is AF-embeddable.

Remark 6.4. The graph Λ illustrates that we cannot extend [5, Theorem 1.1] to include the
condition “there exists a faithful graph trace” if Λ is not cofinal. To see that Λ has no faithful
graph trace we argue by contradiction. Suppose that Λ has a faithful graph trace τ . By
rescaling, if necessary, we may assume that τ(v1,0) = 1.

Let m ≥ 1. Since

τ(vm,n) =
∑

λ∈vm,nΛe1

τ(s(λ)) = τ(vm,n+1)

τ(vm,n) =
∑

λ∈vm,nΛe2

τ(s(λ)) = τ(vm+1,n),
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it follows by induction that τ(vm,n) = 1 for m ≥ 1 and n ∈ Z. For each i ∈ N we have

τ(v0,0) =
∑

λ∈v0,0Λ(i,0)

τ(s(λ)).

But now consider the sources of blue paths with range v0,0 that have degree (i, 0): these are
the vertices v0,i, v1,i−1, v2,i−2, . . . , vi,0. Thus τ(v0,0) ≥ i− 1 for all i ∈ N, a contradiction. Thus
Λ does not have a faithful graph trace even though C∗(Λ) is AF-embeddable.

References

[1] S. Allen, D. Pask and A. Sims, A dual graph construction for higher-rank graphs, and K-theory for finite

2-graphs, Proc. Amer. Math. Soc. 134 (2006), 455–464.
[2] P. Ara, M.A. Moreno and E. Pardo, Nonstable K-theory for graph algebras, Algebr. Represent. Theory 10

(2007), 157–178.
[3] C. Bönicke and K. Li, Ideal structure and pure infiniteness of ample groupoid C∗-algebras, Ergodic Theory

Dynam. Systems 40 (2020), 34–63.
[4] N.P. Brown, AF embeddability of crossed products of AF algebras by the integers, J. Funct. Anal. 160

(1998), 150–175.
[5] L.O. Clark, A. an Huef and A. Sims, AF-embeddability of 2-graph algebras and quasidiagonality of k-graph

algebras, J. Funct. Anal. 271 (2016), 958–991.
[6] D.G. Evans, On higher-rank graph C∗-algebras, PhD Thesis, Cardiff University (2002).
[7] D.G. Evans, On the K-theory of higher rank graph C

∗-algebras, New York J. Math. 14 (2008), 1–31.
[8] D.G. Evans and A. Sims, When is the Cuntz–Krieger algebra of a higher-rank graph approximately finite-

dimensional?, J. Funct. Anal. 263 (2012), 183–215.
[9] A. Kumjian and D. Pask, Higher rank graph C∗-algebras, New York J. Math. 6 (2000), 1–20.

[10] A.C.S. Ng and A. Sims, Lecture Notes on Higher Rank Graphs and Their C∗-Algebras, Nordfjordeid,
Norway Summer School, (2010).

[11] D. Pask and I. Raeburn, On the K-theory of Cuntz–Krieger algebras, Publ. Res. Inst. Math. Sci. 32 (1996),
415–443.

[12] D. Pask, A. Sierakowski and A. Sims, Structure theory and stable rank for C
∗-algebras of finite higher-rank

graphs, Proc. Edinb. Math. Soc. published online October 2021 (doi:10.1017/S0013091521000626).
[13] D. Pask, A. Rennie and A. Sims, The noncommutative geometry of k-graph C∗-algebras, J. K-Theory 1

(2008), 259–304.
[14] I. Raeburn, Graph algebras, CBMS Regional Conference Series in Mathematics 103 (2005), American

Mathematical Society, Providence, RI.
[15] I. Raeburn, A. Sims and T. Yeend, Higher-rank graphs and their C∗-algebras, Proc. Edinb. Math. Soc. 46

(2003), 99–115.
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