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SMOOTH CARTAN TRIPLES AND LIE TWISTS OVER HAUSDORFF ETALE LIE
GROUPOIDS

ANNA DUWENIG AND AIDAN SIMS

ABSTRACT. We characterise when a smooth structure on the unit space of a Hausdorff étale groupoid
can be extended to a Lie-groupoid structure on the whole groupoid. We introduce Lie twists over
Hausdorff Lie groupoids, building on Kumjian’s notion of a twist over a topological groupoid. We
establish necessary and sufficient conditions on a family of sections of a twist over a Lie groupoid under
which the twist can be made into a Lie twist so that all the specified sections are smooth. We obtain
conditions on a twist over an étale groupoid whose unit space is a smooth manifold and a family of
sections of the twist that characterise when the pair can be made into a Lie twist for which the given
sections are smooth. We use these results to describe conditions on a Cartan pair of C*-algebras and
a family of normalisers of the subalgebra, under which Renault’s Weyl twist for the pair can be made
into a Lie twist for which the given normalisers correspond to smooth sections.

1. INTRODUCTION

The motivating idea of this paper is that Connes’ reconstruction theorem for manifolds [f] and
Kumjian—Renault theory for twists over étale groupoids [14, [19] can be employed in tandem to un-
derstand the extent to which Lie-groupoid structures on the components of topological twists over étale
groupoids can be recovered from spectral and functional-analytic data.

Connes’ theorem says that a spectral triple (<7, H, D) that satisfies slightly strengthened versions of
the first five axioms laid out in [5] and in which the algebra < is unital and commutative, determines
a manifold M that realises &/ as the algebra C°°(M) of smooth functions. This can be regarded as
a deep geometric strengthening of Gelfand duality for commutative C*-algebras: the Gelfand-Naimark
Theorem says that every unital commutative C*-algebra A is the algebra of continuous functions on a
compact Hausdorff space X; and, very roughly speaking, Connes’ theorem describes when this X can
be endowed with the structure of a manifold in terms of data that specifies a subalgebra o/ of A that
is to consist of smooth functions and an unbounded operator associated to A that is to be a Dirac-type
differential operator.

Kumjian’s and Renault’s theorems can also be regarded as a strengthening of the Gelfand—Naimark
Theorem. They describe under what circumstances a given commutative subalgebra B of a C*-algebra
A “coordinatises A” (to borrow a phrase of Muhly’s) in the sense that there is a topological twist
T x G® 5% E 5 G (often called the Weyl twist) over an effective Hausdorff étale groupoid G (called
the Weyl groupoid) with unit space the Gelfand spectrum B of B such that the Gelfand isomorphism
B = Cy(B) extends to an isomorphism of A onto the reduced twisted groupoid C*-algebra CHG; E).
The characterisation is in terms of normalisers of B in A: elements n € A satisfying n* BnUnBn* C B.
The point is that the partial-isometric factors of polar decompositions of normalisers determine partial
homeomorphisms of E, which can be stitched together into the desired groupoid G; the twist E then
measures the phase-differences between the partial-isometric factors of pairs of normalisers that determine
the same partial homeomorphisms. Proposition 4.1 of [10] shows that any family of normalisers that
densely spans A is “big enough” to recover G and FE.

Taken together, the results described in the preceding two paragraphs suggest a natural question.
Suppose that we are given a twist E over a Hausdorff effective étale groupoid G, and hence a corre-
sponding Cartan pair B C A of C*-algebras. Suppose in addition that G and E carry smooth structures
under which they are Lie groupoids and such that the bundle map n: £ — G is a submersion and the
inclusion ¢: T x G® — E is smooth—that is, the pair constitutes an S!'-central extension in the sense of
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[1l, Definition 4.1], with the additional property that the reduction of the extension to the unit space is
a trivial smooth T-bundle. There is then, in addition to the smooth subalgebra B> = C§°(G") of B, a
natural collection of “smooth normalisers” that densely span C*(G; E), namely the smooth T-equivariant
functions on E whose open supports are preimages of open bisections. The natural question, which we
answer here, is, “to what extent is this process reversible?” That is, given a Cartan pair B C A and a
family .4 of normalisers that densely spans A and for which B> := .4 N B is a dense *-subalgebra of
B, what properties characterise the existence of a Lie-twist structure on the Weyl twist for which .4 is
a family of smooth sections and B is the algebra of smooth functions on G®? Connes’ theorem does
the heavy lifting of deciding which pairs B, B> can appear, so it is reasonable to take as given that
B comes already endowed with a smooth-manifold structure and that B® = Cgo(ﬁ) and ask what is
required of A.

There are two parts to our answer to this question. The first part deals with whether the Weyl
groupoid G can be made into a Lie groupoid. This is reasonably straightforward. We prove in Section 3]
that if G is an étale groupoid and G is a manifold, then there is a unique smooth structure on G with
respect to which the range map is smooth. The source map is also smooth with respect to this structure
if and only if the partial homeomorphisms r(y) — s(v), v € U, determined by open bisections U of G
are in fact diffeomorphisms, and in this case G is a Lie groupoid. Translating via Renault’s theory into
statements about normalisers, this is equivalent to the condition that for each normaliser of the Cartan
subalgebra B, the partial homeomorphism on B determined by the partial-isometric factor in its polar
decomposition is a partial diffeomorphism, and we prove that this is equivalent to the existence of a
family .4 of normalisers n that densely span A and satisfy nB*>n* Un*B>°n C B>®.

The second part is more subtle and deals with the existence of a smooth structure on the twist £. We
begin by analysing in Section @ what families {c,}, of local sections of a twist T x G© % E 5 G over
a Lie groupoid G can be the smooth sections for a Lie-twist structure on E. Since our definition of a Lie
twist requires that ¢ be smooth, we require that whenever the domain U,, of o,, intersects G, the restric-
tion of g, to Uy, NG™ is the image under ¢ of a smooth section of T x G; we call this condition
the letter U standing for “units.” This provides a means of evaluating whether the difference between
various combinations of the o, are smooth, and the remaining conditions exploit this. We require that
on intersections U, N U/, the difference o4 (7)oq (7)™ is the image under ¢ of a smooth function (Con-
dition for “smooth”); that when Uy, Uy, intersects Uy, the difference o4, (71)00s (V2)0a (y172) 7" is
the image of a smooth function on its domain (Condition for “multiplication”); and that where
U, NU,; is nonempty, the product o (v)oq (y7') is the image of a smooth function (Condition for
“inverses”). Our first main theorem says, roughly speaking, that Conditions and guarantee
that there is a unique smooth structure on F under which it is a smooth principal T-bundle and the o,
are all smooth; and that, for this smooth structure, the maps ¢, 7 in the twist and the subspaces E® and
7 (GY) all satisty suitable smoothness conditions. We then prove that E is a Lie twist over G with this
smooth structure precisely if, in addition, Conditions and are satisfied. In Subsection A1l we
then specialise to the situation where G is an étale Lie groupoid. We use the étale property to re-cast
conditions (I°°)| in terms of smoothness of maps from open subsets of G into T.

To translate this into properties of families of normalisers, we start Section [B] by making explicit the
relationship between sections of the line bundle L of the twist E, which Renault uses to define the
associated C*-algebra, and sections of the twist itself. Specifically, the phase Ph(s) of a section s of L
determines a section o4 of E, and o; = o4 precisely if s and s’ differ by a positive continuous function
on G®. Combining this with the faithful conditional expectation P: C}(G; E) — Co(G®) extending
restriction of functions, we identify conditions on a family {s,}. of normalisers, phrased in terms of
membership of images under P of combinations of the s, in algebras of smooth bounded functions on
open subsets of G. We show further that smoothness of these images can be characterised by their
behaving as local multipliers of C§°(G®) in an appropriate sense.

With all this in hand, we are able to define what we call a smooth Cartan triple: a triple (A, B, .A4")
such that B C A is a Cartan pair, B is a smooth manifold, B> := .4 N B is equal to cge (E), and 4 is
a family of normalisers of B that also normalise B> and have the property that Ph(P(n)), Ph(P(mk*)),
Ph(P(nmk*)) and Ph(P(nm)) are all local multipliers of B> for all k,m,n € 4. Our culminating
theorem says that if T x G© 5 E 5 G is a Lie twist over an effective Lie groupoid, and .4 is a family
of smooth sections, supported on bisections, of its line bundle that densely span C;(G; E) and contain
C§°(G™), then (CH(G; E),Co(G™),.+") is a smooth Cartan triple; and conversely that if (4, B, .4) is a
smooth Cartan triple, then .4 determines a smooth structure on the Weyl twist of B C A, compatible
with the manifold structure on E, under which it becomes a Lie twist. We finish with some brief
remarks: one on how our main theorem can be combined with Connes’ reconstruction theorem to obtain
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a correspondence between Lie twists and purely functional-analytic data; and one on the effect of the
choice of the family .4 on the resulting smooth structure on E.

We include an appendix on differential geometry where we establish our notation and conventions,
and collect a number of standard results that we need along the way. It is organised into two sections:
one about smooth manifolds and their submanifolds in general; and one specifically relating to smooth
principal bundles.

2. PRELIMINARIES: LIE GROUPOIDS

In this brief section, we introduce some preliminary material on the notions of topological groupoids
and Lie groupoids and establish a few of their basic properties. In particular, when the groupoid in
question is an étale Lie groupoid, we give an explicit description of an atlas for the natural smooth
structure on its space of composable pairs.

We will work with the following definition of a topological groupoid; we will frequently drop the ad-
jective and just say groupoid. In this paper, groupoids are always locally compact Hausdorff topological
groupoids.

Definition 2.1 (cf. [22, Remark 8.1.5]). A (Hausdorff) topological groupoid consists of

(G1) two locally compact Hausdorff spaces G and G,

(G2) an injection G® — G that is a homeomorphism onto its range (under the subspace topology),
so that we may regard G as a subspace, called the unit space, of G,

(G3) two continuous surjections s,7: G — G called the source map and the range map,

(G4) a continuous composition map G® = GxG — G, (v,n) — 1, and

(G5) a continuous inversion map G — G,y +— v,

such that

(G6) s(yn) = s(n) and r(yn) = r(y) for every (v,n) € G,
(G7) composition is associative,

(G8) s(z) =r(z) = x for every x € G® and vs(y) = v and r(y)y = « for every v € G, and
(G9) v7'v = s(y) and yy' = r(y) for every v € G.
A groupoid is called étale if its range and source maps are local homeomorphisms.

Our notation for groupoids follows [18, [22]. We will typically denote groupoids by G, except for
groupoids that are twists over another base groupoid, which we denote by FE.
Given sets X, Y, Z and functions f: X — Z and g: Y — Z, we write X ;Y for the fibred product

X gop Y ={(z,y) € X xY : f(2) = g(y)}.
It X, Y are topological spaces, we give X Y the relative topology inherited from the product space.

In particular, if G is a groupoid, then for subsets U,V C G, the collection of composable pairs in U x V/
is the fibred product over the range and source maps. That is,

UV =UxV)nG®.

In this specific instance, we will drop the s and r in the notation, and just write UV = U x,.V; we
will always retain the subscripts for fibred products that are not of this specific form.
We write UV for the collection of products of pairs in U % V:

UV ={yn:(v,n) e UxV}.

If G is an étale groupoid, then it admits a base of open sets U C G such that r|y and s|y are homeo-
morphisms onto open subsets of its unit space G. Such sets U are called open bisections (or sometimes
just bisections). By [12, Proposition 3.8], if U and V are open bisections, then UV is also a (possibly
empty) open bisection.

We will be particularly interested in topological groupoids that come with additional smooth structure.
In the following, we will refer to a topological manifold with a smooth structure simply as a “manifold”
rather than as a “smooth manifold.” Our terminology and notation for manifolds follow the conventions
of [15], and are detailed in Appendex [Al for ease of reference.

Definition 2.2 (|9, Definitions 7.1.1 and 7.1.6]). A Lie groupoid is a topological groupoid G such that
(L1) G and G are smooth manifolds (under their given topological structures),
(L2) the inclusion G® — G is an embedding of manifolds (that is, in addition to above, it is a
smooth immersion),
(L3) the maps s,r: G — G are submersions,
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(L4) the composition map G® — G, (y,n) — 7, is smooth, and
(L5) the inversion map G — G,y +— 7', is smooth.

A Lie groupoid is called étale if its range and source maps are local diffeomorphisms.

The above definition makes sense: Since the fibred product M + N of two manifolds along transverse
maps f: M — K and g: N — K is itself a manifold (Proposition [A.12]) and since a submersion of
manifolds is transverse to any map (Remark [A10), the subspace G® of G x G is indeed a manifold in
its own right.

Remark 2.3. For étale Lie groupoids, the manifold dimension of the unit space G and of the morphism
space G are identical. Consequently, this dimension also coincides with the manifold dimension of the
space G® of composable pairs: given smooth functions f: M — K and g: N — K, the dimension of the
fibred product M g, N is dim(M) + dim(N) — dim(K); see Proposition for a proof. In particular,
for étale G, we have dim(G®) = 2dim(G) — dim(G?”) = dim(G).

For practical reasons, we will now consider objects that are more general than Lie groupoids. We
will always assume that smooth structures on these objects are compatible with the given underlying
topologies where applicable.

Definition 2.4 (cf. |9, p. 207]). Suppose that G is a topological groupoid and that both G and G are
manifolds. An open bisection B of G is called a smooth bisection if r|g: B — r(B) and s|g: B — s(B)
are diffeomorphisms.

Suppose that G is an étale groupoid and that both G and G are manifolds. Assume that both r
and s are local diffeomorphisms (in particular, they are submersions by Lemma [AT3]), so that G® is an
embedded submanifold of G x G' by Proposition We will now describe the charts of G®.

Let U denote the set of smooth bisections of G. For a fixed (y1,72) € G®, fix B € U containing ;,
and let W = s(B}) Nr(B,). Notice that

By =BW=B{Ns' (W) and By:=WBjy=r"(W)nN B,

are open, since 1, s are continuous open maps (|23, Corollary 11.6]). As subsets of smooth bisections,
they are therefore likewise smooth bisections, and we clearly have s(By) = W = r(Bs).

Now fix a chart ¢ around 7; in G; by potentially shrinking sets, we can assume without loss of
generality that the domain of ¢; is exactly B;. Writing n for the manifold dimension of G, we define

@2 =@10(s|B,)" or|p,: B = R",

Since s and r are local diffeomorphisms, the map ¢ = 1 X g is a smooth chart around (vy1,72), and it
is easy to check that the set o (G® N(By x Bz)) = ¢(B1xBs) is exactly the diagonal {(¥,V) : ¥ € ¢(Bi)}
in R" x R™. Thus, composing ¢ with the diffeomorphism R?" — R?" (%, ¥) — (%,X — ¥), yields a chart
that realises B; * By as an n-dimensional embedded submanifold of By x Bs.

Consequently, if pr; denotes the projection onto the first component of G x G, then (1 o pry, By * B3)
is a chart for G®, and the collection of all such charts forms a smooth atlas. Since the smooth structures
of G and G are compatible (meaning, we can turn one into the other by use of r or s), we can instead

also describe an atlas on G® as follows.

Lemma 2.5. Suppose that G is a topological groupoid and that both G and G are manifolds. Let A =
{(Wa, ¥a) }aeu be a mazimal smooth atlas of G. Assume that both r and s are local diffeomorphisms
and let U denote the set of smooth bisections of G. Let

C:={(a,B1,B2) € AXUXU:5(B1) =W, =r(B2)}.

For x = (a,B1,B2) € €, let V), == By * By and define ®,,: V, — R" by & (71,72) = ¢a(s(h1)) =
Ya(r(2)). Then the collection C = {(Vy, ®y)}yee is a smooth atlas for the standard manifold structure
of G®.

3. ETALE GROUPOIDS WITH UNIT SPACE A MANIFOLD

The goal of this section is to prove that if G is an étale groupoid in which the unit space G is
a manifold, then there is a smooth structure on G making it into a Lie groupoid if and only if the
open bisections of G induce smooth maps between open subsets of G©; and moreover that this smooth
structure is unique and admits an explicit atlas easily described in terms of the range map and a given
atlas for G©.
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Proposition 3.1. Suppose that G is an étale groupoid and that G is a smooth manifold. For a smooth
atlas {(Wa, o) : o € A} for GO, let

R = {(B,«) : B is an open bisection of G such that r(B) C W, }
and for each p = (B, ) € R define U, = B and
0p: Up = R, 0p(7) = ¢a(r(v)).

Then R = {(U,,p) : p € R} is an atlas for a smooth structure on G. Moreover, any other smooth
structure B on G with respect to which r: (G,B) = G is a local diffeomorphism is compatible with R.

Proof. We claim that R is a C*-atlas for G in the sense of Definition In what follows, we will use
the standard convention that for p, p’ € R, we write U, ,» for the intersection U, N U, .

To check fix v € G. Since G is étale, it has a base of open bisections, so we may pick a
bisection B’ that contains 7. Since {W,}, covers G we may pick « such that r(y) € W,. Now let
B = B'Nr~'(W,). The set B is open since W,, and B’ are open and since r is continuous; it is nonempty
as it contains v; it is a bisection because B’ is a bisection. Since r(B) C W,,, we have (B, «) € R, and
so U(p,a) = B contains vy, which proves that {U,},ex covers G.

To check note that by construction, ¢, is the composition of the homeomorphism r|g: B — W,
and the homeomorphism 9, : Wo — 9o (Ws) € R™; hence ¢, is a homeomorphism onto its image.

For [(A3)] fix p = (B, ) and p' = (B', ') € R such that U, , # 0. We have

eolu, o (eplu, )" = (Waor|Bnp) o (Yo or[BAE)™
= Q/Ja o (rlBﬁB’ o TEmB/) o Q/J;tl/ = Q/Ja © Q/J;tl/a
which is smooth by assumption on the atlas on G©.
To see that r is a local diffeomorphism, we must check that, for any given open bisection B, the map
r|p and its inverse are not only continuous but also smooth. By replacing B by a smaller neighbourhood

around any given point in B, we may assume without loss of generality that there exists o € 2 such that
(B, ) is an element of K. Then the map ¢, or|g o', defined between open subsets of R", is given by

Yaor|pop, =taor|po(Paor|p)" =id.
Similarly,
pporlg oty = Waor|p)or|s oy, =id
Since it suffices to prove smoothness for one set of charts per point, we deduce that r|p and its inverse
are smooth.
Lastly, suppose that B = {(V3, ¢3)}secn is another smooth structure on G with respect to which r
is a local diffeomorphism; we claim that B and R are compatible, meaning that their union is again a

smooth atlas. By assumption on B, whenever p = (B, ) € R and § € B satistfy V3 C r(B), the map
Yo or|po qﬁél is a smooth function between open subsets of R™. That is,

Ppo¢g = (Yaor|p)o gy

is smooth. So the two atlases are compatible. (I

Remark 3.2. Analogously, we could have asked for the source map s to become a local diffeomorphism.
We do this by defining

G = {(B,a) : B open bisection of G such that s(B) C W,}.
For each 0 = (B, a), we let V, .= B and define

bo: Vo = R", ¢ (7) = ta(s(7)).

Then by symmetry, the argument for R yields that S := {(Uy, ¢ ) }ocs is likewise a C>-atlas for G (but
a priori for a different smooth structure). In this case, s is a local diffeomorphism.

If G is an étale Lie groupoid, then for every smooth open bisection B of G in the sense of Definition [Z.4]
the composition s|p o 7|5 is a diffeomorphism between open subsets of G. The definition of a smooth
bisection, of course, only makes sense when G carries a smooth structure, but the condition just described
does not; so it is a necessary condition for the existence of a smooth structure on G making it into a Lie
groupoid. We make this formal with the following definition.
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Definition 3.3. Suppose that G is an étale groupoid such that G is a smooth manifold. We say that
an open bisection B C G acts smoothly on G if the map

slpor|g:r(B) — s(B)

is a diffeomorphism. We say that G acts smoothly on G if it admits a cover by open bisections that
act smoothly on G©.

Remark 3.4. If G is an étale groupoid such that G is a smooth manifold and G acts smoothly on G©,
then we can choose a base U of open bisections B for which s|g o r|5 is a diffeomorphism in such a way
that each of () and s(41) is an atlas for the unit space.

Lemma 3.5. Suppose that G is an étale groupoid and that G is a smooth manifold. Then G acts
smoothly on G if and only if every open bisection B C G acts smoothly on G©.

Proof. Clearly if every bisection acts smoothly, then the collection of all open bisections is a cover of
G by open bisections that act smoothly. Conversely, assume that B is a cover of G consisting of open
bisections of G that act smoothly on G®. Let U be any open bisection of G, and fix v € U. Since B
covers GG, there exists B € B with v € B. Let V := UN B. Then V is a neighbourhood of 7. The
homeomorphism sy o 7|} agrees with the diffeomorphism s|g o 7|5 on the open neighbourhood (V') of
r(7), so it is differentiable at r(v); similarly its inverse is differentiable at s(v). O

Lemma 3.6. Suppose that G is an étale groupoid and that G is a smooth manifold. If G acts smoothly
on G, then the atlases R of Proposition[31l and S of Remark[3.2 are compatible.

Proof. Take p=(B,a) € Rand o0 = (B’,3) € & with U :== BN B’ # (). Then

pplo o (@olv)™ = (Yaorl) o (Yp o sly)™
=¢a o (rlu o sly) o ¥5'.

This is a diffeomorphism since (r|yos|;') = (s|y o r|;}) " is a diffeomorphism by assumption and since the
maps Yo, g are smooth charts of G”. Analogously, the composition of ¢, with ¢ is a diffeomorphism.
]

Our next goal is to verify that G is a Lie groupoid with respect to the smooth structures we have
considered.

Proposition 3.7. Suppose that G is an étale groupoid and that G is a smooth manifold. Then the
following are equivalent:

(1) G acts smoothly on G;

(2) there is a manifold structure on G with respect to which it is an étale Lie groupoid; and

(3) the manifold structure on G obtained from Proposition [31] is the unique manifold structure on
G with respect to which it is an étale Lie groupoid.

Proof. Clearly implies That implies is immediate: If GG is an étale Lie groupoid, then r
and s are local diffeomorphisms, meaning that every point of G has a neighbourhood U such that U is
diffeomorphic to r(U) via r and to s(U) via s. So the collection of such bisections covers G, and hence
G acts smoothly on G.

For implies suppose that G acts smoothly on G®. We first argue that the manifold structure
on G obtained from Proposition [3.I] makes it into an étale Lie groupoid. We will argue uniqueness at
the end. We have already verified Condition of Definition It remains to show the conditions
revolving around differentiability, so we start with a smooth atlas A = {(Wq,%q) taca of G, and we
equip G with the smooth structure described in Proposition Bl

For fix € G and let (W,,1,) be a chart around z. If B’ is any open bisection around =,
then B := B'NG® NW, is also an open bisection around z, because G is étale and so G is open in G.
Since B C G, the map r|p is the identity on B; in particular, 7(B) = B C W,, and so (B,a) € R. It
follows that ¢(p o) = ¥a, and

P(B,a) CLOY,
is the identity map on the open set 1,(B) C R™. Thus ¢ is smooth and its differential is everywhere
injective, so ¢ is an immersion.

For note that the range and source maps are surjective by assumption on the topological groupoid
G. We have constructed the smooth structure on G exactly so that r and s are local diffeomorphisms,
and so they are submersions by Lemma [A13l (This also explains why, once we have proved that G

satisfies |(L4)| and it will follow that it is an étale Lie groupoid.)
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For fix (y1,72) € G®. Let (W, %) be a chart around s(y1) = r(y2). By shrinking W, we may
assume without loss of generality that there exist smooth open bisections B; around ~; such that s(B;1) =
W = r(B3). Since we have already shown that s and r are local diffeomorphisms, Lemma[Z5] describes an
atlas for G®, and in particular shows that ®: By * By — R" defined by ®(n1,12) = ¥(s(m)) = ¥ (r(n2))
is a chart around (y1,72).

Let (W’ 4’) be any chart around s(v2). By shrinking its domain and by shrinking By, we can assume
without loss of generality that dom(¢)’) = s(Bs) = S(BlBQ)E Since the set B By is also an open bisection
of G [12, Proposition 3.8], the map ¢: B1Bs — R™ given by v — 9/(s(7)), is a smooth chart around
v1y2 by Remark B2 (This does not require that B Bs is a smooth bisection.)

Now, to see that the multiplication map M: By * By — BBy is smooth at (y1,72), consider the
composition

1 n P! M @ n
poMod': R" —— By*xBy —— BB ——— R

U(r(n2)) —— (m,m2) —— mnz —— ¢'(s(mnz)) = ¢'(s(n2)).

In short, this is the map from ¢ (r(B2)) to ¥'(s(B2)) satisfying ¥ (r(n2)) — ¥'(s(n2)) for all n, € By. By
assumption, G acts smoothly on G, so by Lemma 3.5 the map

s|p, © 7"|’Bl2 : 1(Ba) — s(Ba)

is a diffeomorphism. Since ¢ and 1)’ are smooth by assumption, we conclude that the composition
poMo®d™" is a smooth map. Since ® is a chart around (71, v2) and ¢ is a chart around y1v2 = M (71,72),
this proves that M is a smooth map.

For fix v € G, take (B,a) € R with v € B, and let (B’,a’) be an element of & such that
~v~' € B’; we will make use of the fact that the atlases R = {(Uqa, ¢¥a)}ta and & = {(Uq, da)}a for G
are compatible. Let I: G — G be the inversion map. By replacing B with BN I~'(B’), we may assume
without loss of generality that I(B) C B’. We compute, using at the penultimate step that I(B) C B’

Bty 0 10 G0y = (har 05l37) 0 T (Yo 075)"
= b 0 (sl 0 T 715) 0
=1y o (rlpor|g) o,
= wo/ Ow(;]a

which is smooth by assumption on the atlas A of G©.

For uniqueness of this smooth structure, observe that any smooth structure on G under which it
becomes an étale Lie groupoid is in particular a smooth structure on G for which r: G — G is a local
diffeomorphism; so the uniqueness follows from Proposition [3.11 (I

Remark 3.8. If G is an étale Lie groupoid, then clearly it admits a cover by smooth bisections; and then
since smoothness of maps between open submanifolds of G is a local property, every open bisection of
G is a smooth bisection. Proposition B.7] implies that, conversely, if G is a smooth manifold and admits
a cover by smooth bisections, then it is a Lie groupoid. To see this, first note that if an open bisection B
is smooth, then the smooth structure on it induced by the range map as in Proposition[3.]is the same as
its given smooth structure (r|g is a diffeomorphism with respect to both). Since these bisections cover
G, we deduce that the original smooth structure on G as a whole is the same as the one obtained from
Proposition 3.1} and Proposition B implies that it is a Lie groupoid with this smooth structure.

Lemma 3.9. Suppose that G is an étale Lie groupoid. Then every open bisection of G is a smooth
bisection with respect to this smooth structure. In particular, if By and By are smooth bisections such
that s(B1) Nr(Bza) # 0, then By By is also a smooth bisection.

Proof. Fix an open bisection B. We must show that r|g: B — r(B) is smooth with smooth inverse.
It then follows immediately that, for each B, s|p: B — s(B) is smooth with smooth inverse since
I(B) = B~ is also an open bisection and since s|p = r|g-10] and (s|g)~" = Io(r|g-1)™" are compositions
of smooth maps.

Take any v € B, and let (W,1) be a chart around r(v); we can assume without loss of generality
that W C r(B), and we let B’ := r~*(W) N B, which is an open bisection around ~. By Proposition B.7]

1To maintain the equality s(B1) = W = r(Bz), we must likewise shrink By and W, and we adjust ® accordingly. None
of this changes that B; is an open bisection around ~;: For ¢ = 2, this is by construction, and for i = 1, since v2 € B2, we
have r(v2) € r(B2) = s(B1), so v1 remains an element of the (potentially shrunken) Bj.
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= the map ¢: B’ — R™ given by n — ¢ (r(n)) is a chart around v. Consider the composition

—1
Yorlp op R D p(B) 2 B 12 r(BYyCW —L s R”

Y(r(n)) n r(n) Y(r(n)).

This is just the identity map, which is trivially smooth. We have shown that, for each point v in the
domain of r|p, there exists a neighbourhood B’ of v and smooth charts ¢ around r(y) and ¢ around =
such that ¢ o r|p o ™" is smooth; so by definition, r|p is a smooth map between manifolds.

Since B is a bisection, we can play the same game “backwards”: start with an arbitrary u € r(B)
with chart (W, ), lift w to a unique v € B, let W' := r(B) N W, and then consider the composition

rl5 -1
porlgoyt: R« B By sw L W) CRe

Y(r(n)) th 1 7(n) L(r(n))

This shows that 7|3 is smooth.
The final claim follows since products of open bisections are open bisections [12, Proposition 3.8]. [

4. TwiSTS OVER LIE GROUPOIDS

This section contains the bulk of the technical work of the paper. We consider topological twists
T x G” % E 5 G in which G is a Lie groupoid. Although our primary application is when G is étale,
we do not require this hypothesis for most of the results in this section. We define what it means for the
twist to be a Lie twist and establish a number of structural consequences of the definition. We show, as a
reality check, that the topologically-trivial twist over a Lie groupoid determined by a smooth normalised
T-valued 2-cocycle is a Lie twist

We identify four conditions [[UX)] [[S®)] [[M>)] and [[T¥)| satisfied by any collection of local smooth
sections of a Lie twist (see Definition 8). Our main result, Theorem T8, shows that, conversely,
any family of local sections satisfying the first two of these conditions and with support covering G
uniquely determines a smooth structure on the twist; and Proposition shows that the remaining
two conditions characterise when it is a Lie twist over G under this smooth structure. In a brief final
subsection, Section ], we restrict attention to the situation where G is an étale Lie groupoid, and
reinterpret Conditions [(S¥)] [[M>)] [[T%)] in terms of smoothness of functions defined on G when the
local sections in question are all supported on bisections.

Definition 4.1. Let G be a locally compact Hausdorff groupoid, and regard T x G® as a trivial group
bundle with fibres T. A twist over G consists of a locally compact Hausdorff groupoid E and groupoid
homomorphisms ¢, 7 such that

TxG” 5 ES G
is a central groupoid extension, which means that

(T1) ¢: T x G® — 7 '(G™) is a homeomorphism that satisfies ¢(1,7(y)) = y for all y € E®, where
7' (G?) has the subspace topology from E;

(T2) 7 is a continuous, open surjection; and

(T3) u(z,7(r(e)))e =et(z,m(s(e))) for all e € F and z € T.

We remind the reader that the above definition implies that 7 restricts to a homeomorphism of E©
onto G with inverse given by (| {1yxg©- It is well known that 7 is a proper map and a topological
principal T-bundle map in the sense of Definition [A.T4} see the discussion in [7]. The existence of local
trivialisations around all points of G implies that any continuous section of 7 gives rise to a topological
local trivialisation, as explained in Lemma [A 18

We will be interested in understanding what we call Lie twists over Lie groupoids. The fundamental
idea is that a Lie twist should be to its underlying Lie groupoid as a topological twist is to its underlying
topological groupoid. So, roughly speaking, a Lie twist should be a topological twist in which both
groupoids are Lie groupoids, and the maps respect their smooth structures. Our definition is related to,
but slightly more rigid than, [1, Definition 4.1] as discussed below.

2We remind the reader that the group T admits a unique smooth structure making it a Lie group, namely the one
determined by local logarithm functions (see, for example |15, Exercise 20-11(c)]); we always regard it as carrying that
smooth structure.
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Definition 4.2. Let G be a Lie groupoid. Regard T x G as a trivial smooth group bundle with fibres T.
A Lie twist T x G® % E 5 G over G consists of a Lie groupoid E and groupoid homomorphisms
t: Tx G® = FE and 7: E — G under which F is a topological twist as above and, in addition,

(LT1) the map 7: E — G is a submersion, and
(LT2) the map ¢: T x G — E is smooth.

Our definition is more restrictive than the notion of an S'-central extension in [, Definition 4.1]
because our definition implies that ¢: T x G — 77'(G?) is a diffeomorphism, so 7: 77 (G®) = G is
the trivial principal T-bundle over G (see Lemma [£4] below). There are also cosmetic differences; for
example, we do not insist that G and E® are equal, but identify them via 7.

Our definition does not explicitly insist that 77*(G®) is an embedded submanifold, that ¢ is a dif-
feomorphism onto this embedded submanifold or that 7: E — G is a smooth principal T-bundle with
respect to the natural T-action, but this follows as we demonstrate in the next two lemmas. It then also
follows that E@ is an embedded submanifold of E because G is an embedded manifold of T x G©; see

Theorem A.15(3)]

Lemma 4.3. Suppose that T x G© = E 5 G is a topological twist over a groupoid G, and that E,
G, and G are manifolds (not necessarily Lie groupoids). Suppose that the left T-action on E given by
z-e =(z,r(e))e is smooth and that w is a submersion. Then w: E — G is a smooth principal T-bundle.

Proof. By the Quotient Manifold Theorem |15, Theorem 21.10], since T is compact and acts smoothly and
freely on E, the quotient space T\ E has a smooth manifold structure with respect to which ¢: E — T\ E
is a smooth principal T-bundle. Moreover, the smooth structure on T\ E is the unique smooth structure
on T\ E for which the quotient map ¢: F — T\ FE is a submersion.

The map 7 induces a homeomorphism 7: T\E =~ G given by 7(T - e) = w(e). Let M denote the
set T\E when equipped with the manifold structure that the homeomorphism 7 induces from G, i.e.,
7: M — G is a diffeomorphism by construction. Consider the following commutative diagram:

JO .
wom .7 7 submersion
M+——T 4G

diffeo

By definition of the smooth structure on M, the map 7' o 7 is then also a submersion. By definition

of 7, we have (7' om)(e) = T -e. That is, 7' om = ¢ is the quotient map. By uniqueness of the
smooth structure on T\ E, we conclude that T\E = M, i.e., 7: T\E ~ G is a diffeomorphism, not just a
homeomorphism. Since ¢: E — T\F is a smooth principal bundle, it follows that 7: E — G is a smooth
principal bundle. (]

Lemma 4.4. Suppose that T x G© % E 5 G is a Lie twist. Then the following hold:

(LT3) The T-action on E given by z - e = 1(z,r(e))e is smooth;

(LT4) 7: E — G is a smooth principal T-bundle with respect to this action;

(LT5) 7' (G®) is an embedded submanifold of E; and

(LT6) ¢ is a diffeomorphism of the trivial principal T-bundle onto this embedded submanifold.

Proof. Since E is a Lie groupoid, multiplication in E and the range map are smooth. Since ¢ is smooth
by assumption, the T-action is a composition of smooth maps, and hence itself smooth. Since 7 is
a submersion by assumption, it then follows from Lemma that 7: £ — G is a smooth principal
bundle. Since G C G is an embedded submanifold, it follows from [15, Corollary 6.31] that 7' (G)
is an embedded submanifold. By [15, Theorem 5.29], the map ¢ is smooth from T x G to 77'(G").
Since ¢ is also a homeomorphism between these principle T-bundles, Lemma [A.16] implies that it is a
diffeomorphism. O

The following lemma and corollary serve as a “reality-check” that the definition of a Lie twist, and the
assumptions of Lemma 3] are reasonable, and in particular that smooth 2-cocycles on Lie groupoids
give rise to Lie twists.

Recall that a continuous 2-cocycle on a topological groupoid G is a continuous function ¢: G® —
T such that c(«,B)c(af,y) = c(a, fv)c(B,7) for all composable triples («,3,7). The cocycle c is
normalised if c¢(r(7),v) =1 = c(v, s(7)) for all ~.

Lemma 4.5. Suppose that G is a topological groupoid that is a manifold (but not necessarily a Lie
groupoid), that G is an embedded submanifold, and that c: G® — T is a normalised 2-cocycle. Let
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E. =T x G be the groupoid with multiplication defined by
(z1,m)(22,72) = (0(71,72)2122,7172) for (y1,72) € G?

and inversion by
(z,7)7" = (v, v )z
(1) If E. is equipped with the product-manifold structure, then its left T-action defined by z- (w, ) =

(zw, ) is smooth and the natural projection map w: Ec — G is a submersion.
(2) If G is a Lie groupoid and c is smooth, then E. is also a Lie groupoid.

Remark 4.6. It is important that c is normalised. Otherwise (1,7(7))(1,7) = (c(r(v),7),7) # (1,7), so
the inclusion ¢: T x G — FE,. does not carry units to units.

Applying Lemma [£3] we get:

Corollary 4.7. Suppose that G is a topological groupoid that is a manifold, that G© is an embedded
submanifold, and that c: G® — T is a normalised continuous 2-cocycle.

(1) m: Ec — G is a smooth principal T-bundle.
(2) If G is a Lie groupoid and c is smooth, then T x G® % E. = G is a Lie twist.

Proof of Lemma[{.5l As a manifold, E; is the Cartesian-product manifold, so it is a (trivial) smooth
principal T-bundle for the action z - (w, g) = (2w, g) irrespective of the properties of c. In particular, 7 is
a smooth fibration and the action is smooth; and 7 is a submersion since, in charts, it is just projection
onto the first m — 1 coordinates in Euclidean space.

It is well-known that FE. is a topological groupoid, so we only need to check the conditions about
differentiability. Since the Cartesian product of two Lie groupoids is again a Lie groupoid, we know that
the inclusion of {1} x G = (T x G)© into T x G is an immersion and that the source map T x G — G,
(z,7v) — s(v), is a submersion, just like the range map. Since none of these maps distinguish between
T x G and E,, we conclude that F. satisfies Conditions |(L1)}[(L2)} and |(L3)|of Definition 221

The composition map E$ — E, is smooth because it is built out of smooth functions: rearranging
coordinates, multiplication in G, applying the smooth 2-cocycle ¢, and multiplication in T. This proves
Condition A similar argument proves smoothness of inversion (Condition |(L5)]). O

Given a family {o4: Uy = 7' (Us) }acu of sections of a map m, we will often write {(Uy, 04)}a for
short. If there is no ambiguity regarding the sets U,, we will even write {04 }q.

The following is our key technical definition. As we shall see in Theorem and Proposition [£.20]
it lays out conditions on a family of sections of a twist over a Lie groupoid under which they determine
a compatible Lie-groupoid structure on the twist.

Definition 4.8. Suppose that T x G© = F 5 @G is a topological twist over a Lie groupoid G, that
{Uq }aesn is a collection of open subsets of G, and that {o4: Uy = 77 (Uy) }aeu is a family of continuous
sections of . We define the following properties for the family {04 }aeca-
(U*°) For each «, there exists a smooth map kq: Uy, NG — T such that o (z) = t(ko(x),x) for all
x €Uy, NGO,
(S°°) For each «, o/, the map U, NUy — T x G given by v — 7' (04(7)ow (7)) is smooth.
(M) For each a,a1,c2 € A, the map {(y1,72) € Ua, *Us, : 72 € Us} — T x G given by
(711,72) = 17 (0ay (1) 00z (12)0a(7172) ™) is smooth.
(I*°) For each a, o € A, the map Uy, NU,} — T x G given by v — 1 (0 (7)o (v)) is smooth.

Remark 4.9. Resume the notation of Definition[£.8] Consider the T-valued functions fo o : UsNUy — T,
Joan,0 {('yl,'yg) €Uy *Uqyy i 1172 € Ua} — T, and hqa,o': Uy NU,} — T defined implicitly by

o (7),7(7) = 0a(Mow (7)),
t(Jasar,a2 (71,72), (1)) = Gay (11)0a, (12)0a (7172) ", and
L(ha,o/('}’)a 7’(7)) = 0Oq (7)‘70/ (771)'
Then the map of (respectively respectively is smooth if and only if f, o (respectively

Jo,a1,005 TESPECtively hq o) is smooth. In particular, (respectively |(M>°)] respectively |(I°°)) holds
if and only if condition (respectively respectively below holds:

(S°) For all o, o, the map fq o is smooth.
(M7°) For all o, a1, 2 € A, the map go.ay,a0, 1S smooth.
(I®) For all o, ¢, the map hg o is smooth.
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Since Condition [(U>)|is already is given in terms of T-valued functions, any reasonable definition of a
Condition (U$°) would coincide with [(U°)

Remark 4.10. Intuitively, each of the four conditions in Definition .8 represents a property that the o,
must satisfy if F is a Lie twist and the o, are all smooth. Firstly, corresponds to the requirement
that ¢ is a diffeomorphism onto 7= (G'?): it says that if we use ¢ to identify 7' (G®) with T x G and
hence sections G — 77'(G?) with functions G — T, then where they are supported on G, the
0 are smooth functions into T. The letter U stands for “units.” With in hand, we can measure
relative smoothness of sections when the products of their values land in #7'(G”), and this motivates
the remaining properties:

Condition corresponds to compatibility of the sections o,: if o, and o, are both smooth,
then, in the Lie groupoid E, their difference o,0,; must be smooth where defined; the S stands for
“smooth.” Similarly, in the situation of [M>)} if 04, ,0q, and o, are smooth, then (y1,72) — 0a(7172)
and (71,72) & Ga, (71)0as (72) are smooth maps; the M stands for “multiplication.” Finally, if o, and
0o are smooth, then in the situation of [°°)] v + o4 (v) and v +— oa/ (7)™ define smooth maps and
hence, using smoothness of the multiplication in E, so is their product; the I stands for “inverses.”

We shall see later not only that these conditions are necessary, but also that they are sufficient in the
sense that any such family of sections determines a unique smooth structure on E, and with respect to
this structure it becomes a Lie twist over G in the sense of Definition

Condition looks a little unwieldy because the domain {('yl, v2) € Uy, *Uqy : 7172 € Ua} of the
map in question is not easily expressed in terms of the sets U,; the point is that the inverse image in
G® of a given subset of G under the multiplication map is hard to picture. Importantly, though, since
multiplication is continuous on the fibred product U,, *U,,, the domain of the map is an open subset of
Uq, * Uy, and hence of G® (see the proof of Lemma [ T1] below). Typically we will be interested in the
situation where {U, }aes is a base for the topology on G, and in this case the condition can be rephrased
more nicely in terms of the U, as follows.

Lemma 4.11. Suppose that T x G© 5 E 5 G is a topological twist over a Lie groupoid G and that
{Ua}aen is a collection of open subsets of G. If a given family {o4: Uy — 7 (Uqs) taca of continuous
sections satisﬁes then it also satisfies:
(M%) For all a,0q, a0 € A, the map Uy, Uy, — T X G, (y1,72) — L’I(Ual(%)aaz (72)0(1(7172)71)7
s smooth.

If {Us}aea is a base for the topology of G and the o, satisfy|(S>) and then they satisfy |(M*°)]

Proof. 1f ay, as, a satisfy Ua, Ua, € Ua, then {(71,72) € Uay *Uay: 1172 € Ua} = Uq, * Ua,. So [[M™))
implies |(M%)|

Now suppose that {U, }aca is a base for the topology of G and that the o, satisfy and
Fix «,aq, as such that Uy, U,, N U, # 0. Fix a point (y1,72) € U, * Ua, such that 12 € U,. Since
the multiplication map M: G® — G is continuous, the set M ~*(U,) is open. The set U,, * Uy, is open
by definition of the topology on G, so the intersection

M7 (Ua) N (Uay #Uay) = {('Yla'72) €Uay #Uay :mm2 € Ua}

is open. Since the U, are a base for the topology, there exist 81,82 € % such that Ug, C U,, and
(71,72) € U, *Us, € M (Uy) N (Ua, * Us,). In particular, Ug, Us, C U,. By [(S®)| for i = 1,2,
the map w;: n — ' (0a;(n)os;(n)!) is smooth from Ug, to T x G®. By definition, this map satisfies

wi(n) - 0p,(n) = 0a,(n) for all n € Uy, By [MF)]} the map (n1,7m2) = ¢ (0, (m)0s, (12)0a(mnz)™") is
smooth from Ug, * Ug, to T x G®. On this same domain, using centrality of the T-action, we see that

7 (0ay (1) 00y (12)0a(mnz) ) = ((wilm) - o, (m)) (w2(n2) - 05, (12)) Ta(mnz) ™)
= (wi(m)wa(n2),7(m)) " (05, (m)op, (112) 00 (m72) ")
Since multiplication in T x G is smooth, it follows that (n1,72) — ¢ (0a, (11)0as (M2)0a(mm2) ") is
smooth on the open neighbourhood Ug, * Ug, of (71,72) in M'(Uy) N Uq, * Uy,. Since the point
(71,72) € M7 (Uy) N (Uy, *Uy,) was arbitrary, the result follows. O

Lemma 4.12 (Motivation). Suppose that T x G© % E 5 G is a Lie twist over a Lie groupoid G.
Suppose that the left T-action on E given by z - e = 1(z,r(e))e is smooth and that 7 is a submersion. If
t: Tx GO = 77 (G™) is a diffeomorphism, then there exists a base B = {U, }aca for the topology on G
and a family {04 Uy — 7' (Us) }aea of sections that satisfies [[UX)], [[S¥), [M>¥), and [T®) If G is

étale, then B can be chosen to consist of open bisections.
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Proof. By Condition m: E — G is a smooth principal bundle. Therefore, for every v € G, there
exists a neighbourhood V, and a smooth map 1, : V,, — E such that 7 o1, = idy,. Fix a base By for
the topology on G (to prove the final statement when G is étale, take By to be the collection of all open
bisections of G). Let
A:={(W,~v): W eByand W CV,},

and for each (W,v) € ™A let Uyy,,) = W. If U is any open subset of G and v € U, then since By is a
base, there exists W € By with v € W C V, NU, so W = Uy, is an element of B := {Us }aea. This
proves that B is also a base for the topology of G.

By definition of B, we can choose a function I': 2 — G such that B, C V() for all a € 2l. For each
a € 2, define 04 = Yr(q)|v,. Since G and E are Lie groupoids, multiplication and inversion on G and
E are smooth. Since each 1, is smooth and each U, is open, and using Lemma [£.11] it follows that for
all a, o/, a; € A with Uy, Uy, C U,,, the following maps are smooth:

Ua N Ua/ — Ea n— Ua(n)Uo/ (77)715
an * Uaz — Ea (nla 772) = Oq, (771)0&2 (7’]2)0'(13 (771772)71’ and
U,NU,} = E, n = 0a(n)oa (n).

Since ¢: T x G — 77(G?) is a diffeomorphism, composing any of the above smooth maps with
L (GO) = T x GO yields a smooth map, giving [[S®)] [M>)] and [T®)l Also, again since ¢: T x
G — 7' (G") is a diffeomorphism, for each o € 2 such that Uy, N G # (), the map ¢! 0 04|y, ~go
is smooth, and so composing with the smooth projection map T x G© — T gives a smooth map k, as

required by O

In Theorem A I5] we prove that, given a topological twist T x G© % E 5 G over a Lie groupoid
G and a suitably large collection of sections that satisfies and then we can lift the smooth
structure of G to one on E. In order for us to be able to replace the collection with a slightly different
family of sections, we require the following lemma.

Lemma 4.13. Suppose that T x G = E 5 G is a topological twist over a Lie groupoid G, that
{(Ua, 9a) }acu is an atlas of G, and that {o: Uy — 7 (Uq) taca is a family of continuous sections.
Suppose further that we are given an open refinement {Vg}gesn of {Ua}ta, i.e., an open cover of G with a
map F': B — A such that for all f € B, we have Vg C Upg). For each 8 € B, let kg = op(g)lv,: Vg —
7'(Vs).
(1) If {(Ua,04)}a satisfies (respectively respectively respectively [(I°))), then so
does {(V, )} -
(2) Suppose that E is a manifold and that oo is smooth for each o. Then kg is smooth for each 3.
(3) Suppose that {(Ua,04)}a satisfies . Suppose further that E is a manifold and that, with
respect to that smooth structure, its multiplication is smooth, the map v: T x G® — 77*(G©) is
a diffeomorphism, and kg is smooth for each B. Then o, is smooth for each .

Proof. For fix 8,8, 8; € B with Vg, Vs, C Vi, and let a = F(B), o = F(8') and a; = F(8;). Then
the maps

VsNGY — T, x> ko(x),

Vs Vy — E, hs ka(R)kgr (h)

Vg, * Vg, = E, (h1, h2) — kg, (h1)kp, (h2)ka, (R1he) ™", and
VsV = E, hs wa(h)kg (h)

are the restrictions of the corresponding maps U, N G® — T, U, N Uy — E, Uy, Uy, — E, and
Ua MU, — E determined by {00}, which are all smooth by assumption. Since multiplication in G is
open (Exercise 1.2.6 and its solution (p. 353) of [24]) and since restriction of a smooth map to an open
set is again smooth, we obtain

For take S € B and let a = F(B). Then o,: U, — 7'(U,) is smooth by assumption. Since
Vp is an open subset of Uy, it follows that o4y, : Vs — 77'(Us) is likewise smooth. As m'(Vp) is an
embedded submanifold of 77'(U,) and as the image of 04|y, is contained in 77'(Vj), this implies that
kg = 0alv,: Vg — 7' (V3) is smooth.

For pick @ € 2. To see that o, is smooth, fix v € U,; it suffices to check that v has a
neighbourhood U such that o,|y is smooth. Since {Vz}s is a cover of G, there exists § € B such
that v € Uy N V. Let U := Uy N Vs. By definition of F', we have v € U C U,y N Up(g- By
applied to Uy, Up(gy and by definition of xg, the map U — T x G given by n — ™' (ca(n)ks(n)™") is
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smooth. Since ¢ is a diffeomorphism onto an open subset of E, it follows that the map U — E given by
N+ 0o(n)ks(n)~' is smooth. Now, kg and multiplication on E are smooth by assumption. Hence the
map oqo|v: U — E given by n — (04 (n)rks(n)")ks(n) is also smooth. Since v was arbitrary, this proves
that o, is smooth. O

Lemma 4.14. Suppose that T x G % E 5 G is a topological twist over a Lie groupoid G, that E is a
manifold, and that the T-action on E is smooth. Suppose that {(Ua, va)}acu is an atlas of G, and that
{0a: Uy = 7 (Us) taeu is a family of continuous sections. Suppose that B is a family of triples

B C {(a, Uw):aeA,UCU, is open, and w € C‘X’(U,']T)}

such that (a, Uy, 1y, ) € B for all « € A. Define F: B — A by F(a,U,w) = a. For each § = (o, U,w) €
B, let Vg :=U, let wg == w, and define kg: Vg — E by kg(y) = w(y) - 0a(?).

(1) If {(Ua,04)}a satisfies [(U%)| (respectively |(S°°)| respectively (M )| respectively |[(I°°)]), then so
does {(Vp, kp)}p-
(2) For a € A, the section o4 is smooth if and only if the sections {kg : F(B) = a} are all smooth.

Proof. For |(U*>°)| fix f = (a,U,w) € B. Since {(Un,0q)}a satisfies [(U°)] there exists a smooth

function ky: Uy NG — T such that o, (z) = t(ko(z), z) for each z € U, N G©. Since k, is smooth, so
is its restriction lg to the open set V3 N G. Since wg is smooth, so is its restriction to Va3 N G®. Thus
the pointwise prodct wglg is smooth. We have kg(x) = t(wg(x)ig(x),x) by definition of kg.

For fix 8,8 € B, and let a = F(f) and o = F(B'). For v € VaNVs C Up(g) NUp(g:), we have

Hrp(Y)Rp (7)) =0 (wa () - 0a(y) (wpr - Oar (v))fl) = (ws(Nwp (1), 7(1)) v (Fa(Voar (7))

because the T-action is central and ¢ intertwines the action of T on T x G by multiplication in the
second coordinate with the T-action on E. Since wg and wgs are smooth, so is their product, and since
{(Ua,04)}a satisfies[(S*)] the map v + 04(7)oas ()" is smooth on the open subset V3NV of Uy NUqr.
Since multiplication in T x G is smooth, it follows that v+ ¢~ (kg(y)kg (y)™") is smooth.

For fix 8; € B such that Vs, Vs, N Vs, # 0, and let o; == F(B;) for each i. Fix v; € V3, such
that v1v2 = 3 as above. Since the T-action is central, and since ¢ intertwines the action of T on G x T
(by multiplication in the second coordinate) with the T action on E, we have

(kg ()R, (V2) K (13) 1) = (wa, (7)ws, (V2)wss (1172), 5(72)) ¢ (0as (11) s (72)Tas (13) 7).

Since multiplication in G is smooth and wg, is smooth, the map (71,72) — wg,(7172) is smooth on
the open subset Vs, * Vg, of Uy, * Uy,. Since wg, and wg, are also smooth, it follows that (y1,72) —
wg, (71)wg, (Y2)wps (Y1772) is smooth. Similarly, that {(Ua,0a)}a satisfies ensures that the map
(711,72) = ¢ (0a; (71)0as (72)Tas (3)™!) is smooth on the open subset of Vs, * Vs, where it is defined,
and so [(M>)| again follows from smoothness of multiplication in T x G.

Forﬁx B,B" € B such that V' N Vy # 0, and put a = F(B) and o’ = F(’). Then Vg NVy' C
Ua NU,; so that the latter is nonempty. For v € V3N 7

H(rs(Mrp (7)) = (ws(Mws (7)) ¢ (Ga(Moar (v7), 5(7)-
Since wg and wgs are smooth and since inversion is smooth in G, the map v — wg(y)wg (y™") is smooth.
Since {(Uq, 0a)}a satisfies the map v — ¢ (04 (7)oa (77")) is smooth. So once again follows
from smoothness of multiplication in T x G©.

Since B contains each triple (o, Uy, 1y, ), the “if” implication is trivial. For the “only if” impli-
cation, suppose that o, is smooth, and fix 8 € B with F(f) = a. Then by definition, we have Vg C U,
and on Vg we have rg(v) = wg(y)-0a(7). Since ws and o, are smooth and the T-action on E is smooth,
it follows that kg is smooth. O

Theorem 4.15. Suppose that T x G % E 5 G is a topological twist over a Lie groupoid G. Suppose
that {(Ua, ¢a) }aeu is an atlas of G and that {o: Uy — 77 (Us) faec is a family of continuous sections.
If {on}o satisfies and then there is a unique smooth structure on the topological space E
with respect to which w: E — G is a smooth principal T-bundle and all the o, are smooth. With respect
to this structure, the following hold:

(1) If p: S — G is another smooth principal T-bundle and if f: E — S is a continuous bundle map
that is T-equivariant, then f is smooth if only if f ooy: Uy — S is smooth for each o.

(2) For each x € G, there exists an open neighbourhood U of x in G and a smooth section o: U —
7 (U) such that o(y) = ¢(1,y) for ally e UNG.

(3) E© and 7' (G®) are embedded submanifolds of E.
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(4) 1: G x T — 77 (G™) is a diffeomorphism.
(5) The range and source maps r,s: E — E© of E and the projection map 7: E — G are submer-
S50MS.

Proof. By Lemma [AT8, each o, defines a topological trivialisation, namely the homeomorphism T x
Uq — 71 (U,) given by (z,7) — z-04(y) = t(z,7(7))oa (7). We want to define an atlas for E using these
local trivialisation maps. To be precise, we will define charts that map onto (open subsets of) R™ x T,
and we will leave it to the reader to modify these charts to map onto (open subsets of) R?*1.

For each U, define W, := 77" (U,) and ®,: W, = R" X T by z-04(7) = (2, pa(7)). To see that the
collection {(Wy, @) }aca is an atlas for a smooth structure on E, note first that the W, cover E since
the U, cover G. Moreover, each ®, is a homeomorphism onto its image by construction, so we already
have Conditions and of Definition It remains to check So suppose that o’ € A
satisfies U, N Uy # (. We must show that

D, 0, P, (UsNUy) = Po(Us NUy)
is a diffeomorphism between open subsets of R™ x T. By|(S°°)}, there exists a smooth map f = f, o : UaN
Uy — T such that the map
F:UaNUy = TxGY, vy (0a(V)oa (7)),

can be written as

For (z,00(7)) € ®a(Us NUy ), we compute

—1

. (2, 00(7) = tlz,7(V))oa (V) = t(z,7(7))0a (V)00 (V) 0ar (7)
= Uz, r(VU(F(Y))oa (v) = u(zf(7),7(7))0ar (7)-

Hence

(s 0 .)(2,0a(7)) = (2f(7), €ar (7))-
Writing ¢, (y) = X, we obtain

(®ar 0 @) (%) = (2(f 0 2) (®), (pa ©93") (%)

Since o 0 @3}t f o ey, and multiplication on T are smooth, we conclude that @,/ o ®_' is smooth. It
is now clear that the sections we started with are all smooth: The map ®, 00,09, : R® = T x R™ is
given by X — (1,X) and hence smooth, which means that o, : U, — E is smooth.

It will be helpful to know what other smooth sections this manifold structure on F allows. By

Lemma [£T4] Part the collection
(4.1) O ={w: (dalv) :a €A, U CU, open, we C*(U,T)}

also satisfies Since the above procedure did not make use of we may apply the procedure
to © to generate another atlas for a smooth structure on E with respect to which each element of © is
smooth, including each o,. By construction, this new atlas contains all the charts ®, from the previously
constructed atlas, and therefore generates the same smooth structure as the one that we constructed
from only {04 }o. To sum up, each element of © is smooth with respect to the smooth structure with
which we have equipped FE.

To see that m: F — G is a smooth principal T-bundle, we will apply Lemma The T-action
p: T x E — FE is smooth, since, in charts, it is just given by multiplication in T. To be more precise,
given any (w,e) € T x E, choose any « € 2 with w(e) € U,. Then

Dpopo(idyr x @) Tx (TxR") =->TxR", (w,(zX))— (wz,X),
is a smooth map, which proves that p is smooth around (w,e). Next, 7 is smooth, since
paomod®l: TXR® - R", (z,X) X,
is clearly smooth. Using these local charts, we also see that 7 is a submersion, since ¢, o ™o ®_', being
a linear map, is its own derivative and clearly surjective. We have checked that all the assumptions of
Lemma [£3] hold, and we conclude that 7: F — G is indeed a smooth principal T-bundle.

We can now invoke Lemma [A-T8 to make our lives easier. For any section o: U — 7' (U) of 7 that
is smooth with respect to the smooth structure that we just constructed on F, the map

(4.2) Vo1 (U)=TxU, z-0(y)—(z,7),
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is a smooth local trivialisation of E. Thus, if (U, ¢) is a smooth chart of G, then 1), determines a smooth
chart

(4.3) Qo (U) =T xR, z-0(y)— (2,0(7)),

of E. Note that &, = ®,_ ...

Before we can prove that the smooth structure on E' is unique, we first need to prove SO suppose
that p: S — G is a smooth principal T-bundle and f: E — S is a continuous T-equivariant bundle
map. For the forward implication, assume that f is smooth and fix @ € 2 and v € U,. The set
7 ({yHN®; ({1} x R™) contains a unique element, namely e := o,(7). Smoothness and T-equivariance
of f imply that, for every chart (V,®%) around f(e) in S, the map

D50 f oy Ba(Wa 1 f(V) 5 O5(V), (2,00 () = D5(F(z - 0a(n)) = 5 (= - F(ou(n)),
is smooth as a map between neighbourhoods in Euclidean space. In other words,
Pofod: (%)= (2 f(oales ()
is smooth. Since R™ — T x R™ X — (1,X), is smooth, it follows that the map
X (@7 o [fooa] 0 ) (R)

is smooth, defined on the open subset U’ = prgn(®o (W, N f71(V))) of R™. Note that the open set
U = ¢;}(U’') in G contains +: since f(e) € V by choice of V and since w(e) = v € U,, we have
e€ fH(V)NT ™ (Uy) = f7(V)NW,. Since e = 04(7), the definition of @, shows that ®,(e) = (1, va (7))
and thus ¢, (y) € U’; that is, v € U as claimed. Moreover, since ®° was chosen as a map around
f(e) = (f 0 04)(7), the proof that ®% o [f 0 0,] 0 ¢, is smooth implies that f o o, is smooth around .
As v was arbitrary, it follows that f o g, is smooth on all of U,,.

For the backwards implication of assume that f oo, is smooth for every a € . In order to prove
that f is smooth, fix e € E and a € 2 such that v := w(e) € U,. Then there exists a unique zg € T such
that e = 20+ 04 (7). Since the T-action on S and the function f oo, are smooth, the map 7: Tx U, — S,

(z,m) — z - f(oa(n)), is smooth. In particular, for any neighbourhood U of v in U, and any smooth
chart (V,®°) around e = z - f(04(7)) in S with z - f(0,(U)) C V, the map

d%o7o(idr X o) s T X @a(U) = &5(V)
is smooth. Now, T-equivariance of f and the definition of ®, show that for any (z,7) € T x U,,

7(z,n) = f(z - 0a(n)) = (f 0 5')(2, pa(n))-
Hence for any (z,X) € T X ¢4 (U), we have
[fl)s o7 o (idr x pa)'](2,%) = (@50 fod ) (zR).
We have shown that the map
Vo fod: T xpa(U)— @5(V)
is smooth. As vy € U, we have (20, 9o (7)) € T X ¢ (U). Thus
e=20"0a(7) € Pa(T x a(U))

and f is smooth around e € E. Since e was arbitrary, this proves that f is smooth.
We can now prove that the smooth structure is unique. Let E be a copy of E carrying a smooth
structure such that

(E‘l) 7: F — G is a smooth principal T-bundle, and
(E2) for each av € 2, the map 64: Uy = E, v 04(7), is smooth.

We show that f: F — E, defined as the identity map on the underlying topological space, is a diffeo-
morphism, so the smooth structure on F coincides with the structure we gave F by hand. Clearly, f
is a continuous, T-equivariant bundle map. By assumption each 6, = f o g, is smooth. Because
of [(1)| combined with Assumption this implies that f is smooth. An application of Lemma
now shows that f is a diffeomorphism.

Next, we prove To this end, fix g € G and « € A such that xg € U,. Let 2 = —kq(x9) € T
(the point antipodal to k4 (z0)), and consider W := k;'(T \ {z}). Since W is open in G and G has
the subspace topology, there exists an open U C G such that W = UNG. Since W C U, NG, we can
assume without loss of generality that U C U,. Let ¢: T\ {#} = R be a smooth chart for this subset
of T. Since k, maps W to T \ {z}, we may consider ¢ o ky|w: W — R.

Since G is properly embedded in G by [15, Proposition 5.5], it follows that W is properly embedded
in U (see Lemma [A7]). So [15, Lemma 5.34(b)] yields a smooth function &: U — R such that @|y =
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Yokalwilet w:=19"ow: U— T\{z}. Since @: v+ w(y) is an element of C*>°(U, T), we may consider
the section o := @ - (04|v), an element of the set © as defined in Equation (@J]). For x e UNGY = W,
it follows from @|w = ¢ o kq|w that

(4.4) w(z) = (" o) (x) = ka().
Hence

o(z) = w(x)  0a(z) = ka(x) - 1(2, ka(z)) = o(1, )
as claimed.

Our next goal is to verify I, namely that 77'(G®) and E® are embedded submanifolds of E. The
former follows from Remark [A.10 and Theorem [A.T1(1)} since G is an embedded submanifold of the
Lie groupoid G and since 7 is a submersion. To see that the unit space is an embedded submanifold, fix
yo € BV, and let xo := 7(yo) € G. Let m be the manifold dimension of G; note that, since G is not

necessarily étale, m may be strictly smaller than the manifold dimension n of G. As G is an embedded
submanifold of G, we can pick a chart (U, ¢) of G around z( such that

(4.5) p(UNGY) = @U) N (R™ x{0}"7™).

By potentially shrinking U, we may assume by that there exists a section o: U — 7' (U) such that
o(x) = (1,z) for all z € UNG?. We claim that the smooth chart ®, , of £ maps 77 (U) N E® onto
{1} x R™ x {0}~

Given y € 7(U) N E®, we have 7(y) € U NG and thus y = ¢(1,7(y)) = 1- o(w(y)) by choice of o.
Thus, @4, (y) = (1,¢(r(y))) by definition of ®,, (see [@3)). Then since 7(y) € 7(x'(U) N EV) =
UNGY, it follows from the choice of ¢ (Equation (5])) that ®, ,(y) € {1} x R™ x {0}"~™.

Now suppose that e € 7'(U) satisfies ®, ,(e) = (1,X,0) € {1} x R™ x {0}"~"; we must argue that
e € EY. As w(e) € U, there exists a unique z € T such that e = z - o(7(e)), so that

(1.8,0) = Bole) = (2, 0(n(c)).
By Equation [@3)), (%,0) = ¢(7(e)) implies that w(e) = z € G*. The above computation further implies
that z = 1, so that e = o(z) = ¢(1,z) € E®, as claimed. This finishes the proof that E® is an embedded
submanifold of E.

For we must show that ¢: T x G — 77'(G?") is a diffeomorphism. We already know from the
theory of topological twists that ¢ is a homeomorphism. To see that ¢ is smooth, fix (z,2¢) € T x G©.
By there is an open neighbourhood U of zp in G and a smooth section o: U — 77'(U) such that
o(z) = u(1,z) for all x € Uy .= UNG?. Tt suffices to show that ¢ is smooth on the open neighbourhood
T x Uy of (z,z0) in T x G. As explained earlier, the map v, in [@2]) is a diffeomorphism of 7~ (U) onto
T x U. For x € Uy, we have ¥, o 1(z,2) = o (2 - 1(1,2)) = ¥s(2 - 0(x)) = (2,2), 0 ¥, o ¢ is the identity
on, and in particular a diffeomorphism of, T x Up. Hence t|rxv, = ¥, © (¢ © t|rxv,) is smooth. Now,
m: ' (G®) — G© is a principal T-bundle (see Remark [A-T5) and, by construction of the T-action on
E, . is a T-equivariant bundle map. It now follows from Lemma, that the smooth homeomorphism
¢ is a diffeomorphism onto 77'(G®).

Finally, for note that we already know that 7 is a submersion because 7: F — G is a smooth
principal bundle. We prove that rg is a submersion; a similar argument shows that sg is a submersion.
To see that rg is smooth, note that it is given by

re(e) = u(1,rg(n(e))).
Since themaps 7: E = G, r¢: G = G, 1: TXxGY — E, and G® — Tx G,z — (1, z), are all smooth,
it follows that rg: E — E is smooth with image contained in E®. Since we have shown in [(3)] that E©
is an embedded submanifold of E, it now follows from [15, Corollary 5.30] that rg is also smooth as a
map E — E© as claimed.
To see that rg is a submersion, fix e in £. We have

drgle = d(rg o m)le = drgly(e o drle.
Hence if 7(e) € Uy, then
drele 0 d(0alx(e)) = drala(e) © dmle 0 d(0alx(e)) = d(rg o ™o 0a)|x(e) = dTG|x(e)-
This is surjective because G is a Lie groupoid, so we conclude that drg|. is surjective as well. ([l

Remark 4.16. Condition |(U*°)[in Theorem [4.15 is critical and cannot be removed. To see why, observe
that since the topological group T admits only one nontrivial continuous automorphism, namely z — z,
if G© is connected, then there are just two possible continuous injective homomorphisms ¢: Tx G — E
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that satisfy m o+t = idg. Now suppose that G = G is a (connected) manifold viewed as a groupoid
consisting entirely of units, and that £ = T x G viewed as a (topologically) trivial group bundle over G,
with 7: E — G the projection map. Then ¢: Tx G® — E is either ¢(z,x) = (z,z) or 1(z,z) = (Z,x). Let
f+ G — T be a continuous function that is not differentiable. Fix a maximal atlas A = {(Uy, pq) : @ € A}
for G; so the U, are a base for the topology on G. Then A is a base of bisections of G. For each o € 2,
define 04: Uy — E by o4(z) = (f(z),z). Then {o4}acq trivially satisfies and because
x+— (z,7) and (x, ) — 2% = 2 are mutually inverse diffeomorphisms between G® and G, and z > 2
is the identity map on G. It also satisfies because for any a, o’ € 2 and any x € U, NU,/, we have
oa(@)oo () = (f(z),z)(f(z),z)" = (1,2) = ¢(1,2). As in Theorem [LTF there is a unique smooth
structure on E that makes the maps o, smooth. Specifically, we identify E with T x G by the map
h: T x G — E defined by h(z,z) == (2f(z),x), and then charts ¢,: Uy x T — 7*(U,) are given by
VYalz,2) = h(z,x) = (2f(z),z). In particular, we have oo (z) = «(f(z),z) or «(f(z),z) (depending on
the choice of ¢ above) for each a € 2 and « € U,. That is, the map k, in is either f or f, so is
not smooth. Hence A does not satisfy Multiplication and inversion in E are smooth with respect
to the smooth structure induced by A, and each o,: U, — FE is by definition smooth in this smooth
structure. So since the composition of the map = — (1, z) "o, () with the projection from T x G onto
T is either f or f, neither of which is smooth, we deduce that t|{13x¢ is not smooth as a map into F
with the smooth structure A.

That is, in order for the smooth structure on F induced by A to be compatible through ¢« with the
canonical differential structure on T x GG, we must assume

Corollary 4.17. Suppose that T x G % E 5 G is a Lie twist. Suppose that {(Us, o) }acs is an atlas
of G and that {oa: Uy — 7 (Uqs)}aen is a family of continuous sections satisfying[[U>)] and[[S®)] Let
E be the topological space E equipped with the smooth structure induced by {0 }a as in Theorem [J.13,
Then E = E if and only if the all maps 0o : Uy — E are smooth.

Proof. Since E is a Lie twist, m: E — G is a smooth principal T-bundle by Lemma [£.4] With
respect to the same T-action and the same projection map, 7: E — @ is also a smooth principal T-
bundle. In particular, f: E — E, defined as the identity map on the underlying topological space, is a
T-equivariant bundle map. Since F and E have the same topology by assumption, f is a homeomorphism.
Thus, by Lemma [A.16, we have that E = E if and only if f is smooth. By Theorem F.15] Part this
is equivalent to f o 0, : U, — F being smooth for all «, as claimed. ([l

While we do not have an immediate use for the following corollary, it seems worth recording a checkable
condition under which two families of sections as in Theorem [£.15] determine the same smooth structure.

Corollary 4.18. Suppose that T x G© % E 5 G is a topological twist over an étale Lie groupoid.
Suppose that {Uq}aeu and {Vs}gem are bases of open bisections for G and that {o4: Uy — 7 (Uqa) }aen
and {7g: Vg — (V) } gems are families of continuous sections that both satisfy and. Suppose
that there is a common refinement R = {Ws: 0 € D} of {Uata and {Vaz}s (with refinement maps
a:® — A and b: D — B) that is a cover of G, such that for each § € D the map v (oq(5)(V)Tes5) (V) ")
is smooth on Ws. Then the unique smooth structures on E, obtained from Theorem [{.13], for which the
oo and the Tg are smooth coincide.

Proof. By Lemma T3] the system {(Ws, 0q(s))}s yields the same smooth structure as {(Ua,0a)}a and
similarly {(Ws, To(s)) }s yields the same smooth structure as {(Vs,75)}g. For each § € D, let ws: Ws — T
be the function such that ¢ (oq(s5)(7)Tes) (7)) = ws(7) for all v € W5. So w; is smooth by assumption.
Now Lemma [£.14] applied to the system {(W;s, Ty(s)) }s and with the indexing set

{((5, Wi, 1W5); ((5, W(s,w(s) 10 € 33}

shows that the system system {(Ws,ns:) : (6,7) € ® x {0,1}} given by 750 = Tu(s) and 751 = 0q(s)
determines the same smooth structure as {(Ws, 7y(s5)) }s. Lemma FT4l this time applied to the system
{(Ws,04(5))}s and with the indexing set

{(65 W5a 1W5)) (63 Wtsa(*T(s) 20 S Q}a

shows that the same system {(Ws,7s:)}(s,q) gives the same smooth structure as {(Ws, oq(s))}s, and we
are done. g

Remark 4.19. The previous result is not an “if and only if” statement: to conclude from coincidence of the
smooth structure on E coming from the o, and the 75 that functions of the form +™ (gq(s)(7)76(s) (7))
are smooth requires that multiplication and inversion in E are smooth maps; so if either of the families
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{oa}a or {73} p satisty and then the statement becomes an “if and only if” statement. The
correct general “if and only if” statement is that two families o, and 73 give the same smooth structure
if and only if there are smooth functions wq, g: Uy N Vs — T such that wae, g(7) - 0a(y) = 78(7); but this
an instance of a general statement about smooth principle I'-bundles (it could be deduced, for example,
using Lemma [AT8)) rather than about twists over Lie groupoids.

The following companion result to Theorem .15 shows that conditions [(M°°)| and |(I°°)| are the ad-
ditional conditions required to ensure that the twist E is a Lie groupoid under the smooth structure it
obtains from the theorem.

L

Proposition 4.20. Suppose that T x G % E 5 G is a topological twist over a Lie groupoid. Sup-
pose that {Us}aea is a base of open bisections for G and that {04 : Uy — 7 (Uq)}aeu is a family of
continuous sections that satisﬁes and . Equip E with the smooth structure from Theorem[{.13]

(1) If {oa}a satisfies[[M>)], then the groupoid multiplication of E is smooth.

(2) If {oa}a satisfies|(I°°)], then the groupoid inversion of E is smooth.

(3) If {oa}a satisfies both[[M™)| and [T)] then E is a Lie groupoid.

Proof. First assume that holds. To check that multiplication is smooth, fix a point (e1,es) € E®.
Choose « € 2 such that w(ejeq) € U,. Since we have a base for the topology on G and multiplication is
continuous, there exist a1, ag € A such that w(e;) € U; := U,, and U1Us C U,,. Since 77 (Uy) 7' (Us) is
a neighbourhood of (e1, es) in E®, it suffices to show that multiplication is smooth on 7= (Uy) x 7' (Us).

As before, each 8 € 2 gives rise to a diffeomorphism ¢g: 77'(Ug) — TxUg such that z-05(y) — (2,7);
we write 1; = s, for i = 1,2. The map 1 X ¢o: 7 (U1) x 7 (Uz) = T x Uy xT x Uy is a
diffeomorphism. Let ¢: 7(Uy) x m*(Us) — T? x Uy x Us be the diffeomorphism obtained by composing
the map (21,71, 22,72) = (21, 22,71, Y2) With 11 X . Then ¢ carries 7 (Uy)* 7 (Uz) to T? x (Uy *Us).
Since r,s: E — E© are submersions (Theorem EI5, [(5))), the subset 7~'(Uy) 7' (Usz) is an embedded
submanifold of 77!(U;) x #~(Usz) (Proposition [AT2)). Likewise Uy * Us is an embedded submanifold of
U; x Uy and hence T? x (Uy * Us) is an embedded submanifold of T? x U; x Us. By |15, Theorem 5.27
and Corollary 5.30], ¢ therefore restricts to a diffeomorphism ¢: 7*(Uy) * 71 (Us) — T? x (Uy * Us).
The trivialisation map ¥, : 7 (Uy) — T x U, restricts to a trivialisation, also denoted 1), of the open
T-invariant subset 7' (U1Uz). Let M : E® — E be the multiplication map. Using that the T-action is
central at the second step, we calculate:

Yo (M7 (21, 22,715 72))) = Ya (M (P71 (21,71), Y3 (22,72))) = Ya (2122 - (0as (11)0a, (12)))-

By the function ¢ = ga.aq,0s : U1 Uz — T determined by o4, (71)0a, (72) = 9(71,72) - 0a(1172) is
smooth. We have

(N (2122 (0ay (11)00as (72))) = Yo (2122 “(9(1,72) ~0a(7172))) = (z1229(71,72) M172)-

Since the (iterated) multiplication map T3 — T, the map g and the multiplication map from G® to G
are all smooth, we deduce that multiplication in F is smooth.

Next assume that holds. To check that the inversion map I: E — FE is smooth, fix e € E.
Choose o, ' € 2 such that 7(e) € U, and w(e™") € Uy. Let W :=U, NU,;. Then 77(W) is an open
neighbourhood of e, so it suffices to show that I is smooth on 7='(WW). Observe that 1), restricts to a
diffeomorphism from 7='(W) to T x W, and 1 restricts to a diffecomorphism from 7=' (W) = 7=1(W)~!
to T x W', For v € W we have v ' € U, , and we calculate

(Yaoloa)(z,7") =ta((z- 0w (7)) = Ya(Z - oa(v")7).
By [(I*°)} the map h = hy o : W — T such that h(v) - 0o (7)™ = 0a(7) is smooth. We have

ba(Z 00 (7)) = %a(Z- (A7) - 0a(7))) = (2h(7), 7).
Since multiplication and inversion in T, the map h, and inversion in the Lie groupoid G are all smooth,
we deduce that inversion in E is smooth.

The twist E is by definition a topological groupoid. By Theorem T3] it has the structure of a smooth
manifold with respect to which r and s are submersions and E© is an embedded submanifold; this takes
care of [LT)] [[T2), and [[L3)l We have further proved above that multiplication and inversion in E are
smooth maps by [(M>)] and [(T¥)] So [(L4)] and [(T5)] hold. O

For our results on C*-algebras in Section [{ it will be convenient to be able to move back and forth
between sections of a Lie twist over a Lie groupoid and sections of the associated line bundle. The
following technical lemma shows that we can do so.
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Given a continuous vector-valued function f on a topological space X, we write supp®(f) for the open
support of f; that is

supp®(f) ={z € X : f(x) # 0}.

Lemma 4.21. Suppose that TxG” % E 55 G is a topological twist over a groupoid G. Let L = T\(CxE)
be the line bundle associated to E, and let E' .= {[\,e] € L : |[\| = 1} C L. Define p: E — E’ by
p(e) = [1,e]. Then p is an isomorphism of topological principal T-bundles. Moreover, the following hold.

(1) Any continuous section s € T'o(G; L) gives rise to a continuous section og: supp®(s) = E of ®

given by
(50
os(7) =p ( ) :
’ Is(7)l
(2) IfU is an open bisection of G, then any continuous section o: U — E of w gives rise to a section
gc=poo:U — E'"CL of the line bundle. Moreover, the map
{f € Co(r(U),R7®) s supp®(f) = r(U)} = {s € To(G; L) : 05 = 0},
fofa=[ye= f0)-ple()],

is a bijection and its inverse carries s to the function x — ‘(5 o r|[’j)(ac)’

Now suppose in addition that Tx G© = E 5 G is a Lie twist. Then T acts smoothly, freely, and properly
on the product manifold C x E. With respect to the quotient-manifold structure on L = T\(C x E), p is
an isomorphism of smooth principal T-bundles, and the following hold.

(3) The correspondence in maps smooth sections of L to smooth sections of .
(4) If o is smooth, then the bijection in restricts to a bijection between smooth functions f and
smooth sections s of L.

Proof. As discussed on |19, p. 39], it is standard that L is a Fell line bundle (see also [8, Example 5.5]),
and that the unitary bundle E’ of L yields a principal T-bundle n’: E’ — G in the quotient topology,
given by 7’([z, e]) = m(e). The map p is bijective because the map [, e] — A - e is an inverse for it (that
this formula is well-defined and that it is an algebraic inverse for p follows from the observation that
[Ae] =[1,A-¢] for all A € T and e € E). This p intertwines T-actions by definition of the equivalence
relation on C x E defining L. It is continuous because the map e — (A, ¢e) is continuous from FE into
C x E. To see that it is open, observe that the map (A, e) — A e is continuous on T x E, so it descends
to a continuous map on the quotient by definition of the quotient topology.

[(1)] The map (z,€e) — |z] is continuous on C x E and descends to the map A — |A| on L, so the latter is
continuous. Thus if s is a continuous section of L, then the formula v + s(v)/|s(y)| defines a continuous
section on the open set supp®(s), and so composing with the isomorphism p~* yields a continuous section.
It is bounded because, by construction, |os(y)| =1 for all v € supp®(s).

The first part is a direct consequence of the fact that p is an isomorphism. For the second
statement, observe that f + f - & is certainly a map from {f € Co(r(U),R>%) : supp®(f) = 7(U)} to
{s € To(G; L) : 05 = o}. It is injective because f(v) = |(f-7)(y)| forall vy € U and f € Co(r(U),R>°). Tt
is surjective because if 0, = o, then by definition p(a(v)) = s(v)/|s(7)]| for all v € supp®(s); rearranging
gives 5(y) = |s5(7)|- p(a (7)) for all , so the continuous function f: r(U) — R>? given by f(r(v)) = |s(y)|
satisfies s = f - 6. The formula for the inverse follows immediately from the formula f(r(vy)) = |s(v)].

Now assume that T x G© % E 5 G is a Lie twist. Let ¢: C x E — L be the quotient map. The map
7’ is smooth by definition of the quotient manifold structure. It is a submersion because the composition
7' ogo(e > (1,e)) is precisely 7, which is a submersion by assumption, and the differential of a composite
is the composite of the differentials. The left T-action on E’ is smooth because the left T-action on C x E
by multiplication in the first coordinate is smooth. So Lemma [£3] shows that 7': £ — G is a smooth
principal T-bundle. Let o: U — 77*(U) be a smooth local section for 7 on an open subset U C G. Then
& = poo is given by 6(v) = [1,0(7)], which by definition of the smooth structure on L = T\(C x E)
is a smooth section for 7’. So Lemma [A1T shows that p induces a diffeomorphism between a local
trivialisation of 77'(U) and a local trivialisation of (7')~*(U). Since this applies to any local trivialisation
of F, it follows that p is a diffeomorphism, and hence an isomorphism of smooth principal T-bundles.

If s is a smooth section of L, then the map v — 1/|s(7)| is smooth on supp®(s), and so o, is
smooth as product and concatenation of smooth functions.

Suppose that 0: U — F is a smooth section of 7. Then ¢ = p o ¢ is smooth. Consequently, if
f:r(U) =supp®(f) — R>? is smooth, then f-& is smooth, since the T-action on L is smooth. It follows
that the bijection in maps smooth functions to smooth sections. Conversely, given s € I's°(G; L)
with s = o, we have seen above that s is the image of f: x — ’(5 o r|’U])(x)‘ under the bijection in
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Since Lemma [3.9] implies that U is a smooth bisection, f is a composition of smooth maps and hence
smooth. O

4.1. Lie twists over étale groupoids. In this subsection, we revisit Conditions |(S°°)H(I>°)| in the
situation of a twist E over an étale Lie groupoid G. The point is that while Condition [(U)|is phrased
purely in terms of the manifold structure on G, the remaining conditions depend on the manifold
structure of G as a whole. We know from Section [3] that for étale groupoids G, the manifold structure
of G is completely determined by that of G; and critically, this is the data that is encoded by a
Cartan pair B C A of C*-algebras together with a smooth subalgebra B> of B. So our work in this
section, specifically Corollary 25 is the articulation point between Conditions|(U°)H(I°?)|and algebraic
conditions on a Cartan pair of C*-algebras (see Section []).

Definition 4.22. Suppose that T x G® = E 5 G is a topological twist over a groupoid G, that G©
is a manifold, that {U,}aea is a collection of open subsets of G, and that {o4: Uy = 7 (Us) }aca is a
family of continuous sections of 7. We define the following conditions for the family {o4 }aesi-
(S%) For all v, &’ € A, the map r(Uy NUy) = T x GO, r(y) = ¢t (0a(y)oa (7)) for v € Uy N Uy,
is smooth;
(M%) Forall o, a1, a0 € A, the map r(Uqa, Ua, NUG') = TXGO, (1) — 07! (O’al (71)0 0y (fyg)oa(’ylfyg)’l)
for all (y1,72) € Uq, * Ua, with y172 € U, is smooth; and
(IZy) For all o, € A, the map r(Uy NU,;) = T x GV, r(y) = " (0a(V)oa (v")) for y € Uo NU,,,
is smooth.

Remark 4.23. Condition |(U°)|is already given in terms of functions defined on G. So similarly to
(U%), any reasonable definition of a Condition (Ug) would coincide with |[(U™)

The above definition makes no reference to a smooth structure on G. The smooth structure that is
induced on an étale G from G is built in a way that the above conditions translate to Conditions |(S°°)}

(M) in Definition 8 To be precise:

Lemma 4.24. Let G be an étale groupoid such that G is a manifold and such that G acts smoothly
on G. Suppose that T x G 5 E 5 G is a topological twist. Let {Uy}Yaeu be an open cover of G,
consisting of bisections, and for each a € A, let 0: Uy — 71 (Uy) be a continuous section. Suppose that
{oa}a satisfies [(U>)| With respect to the Lie-groupoid structure on G obtained from Proposition [3.,
the following hold:

(1) {oa}a satisfies if and only if it satisfies|(S
(2) {oa}a satisfies if and only if it satisfies
(3) {oa}a satisfies|I°°)| if and only if it satisfies
Proof. By Lemma[B.9, every bisection of G is a smooth bisection. In particular, for all & € 2, |y, : Uy —
r(Uy) is a diffeomorphism. The result follows. O

o\ |.
(0)

We can now combine all of our previous results.

Corollary 4.25. Let G be an étale groupoid such that G is a manifold and let T x G 5 E 5 G be
a topological twist. Let {Uy}tacau be a base for the topology on G consisting of bisections, and for each
a €, let oy: Uy — 7 (Uy) be a continuous section. Suppose that {o4}a satisfies[[UX)] m KM_?O?R
and . If G acts smoothly on G, then there are unique smooth structures on E and G with respect to
which the o4 are all smooth, m: E — G is a smooth principal T-bundle, and G is an étale Lie groupoid.
With respect to these smooth structures, T x G = E 5 G is a Lie twist.

Proof. By Proposition[B.7, since G acts smoothly on G, G has a unique smooth structure with respect
to which it is an étale Lie groupoid. Moreover, a chart around any v € G is given by (V, ¢ or|y ), where
V is a (sufficiently small) open bisection containing v and (r(V'), ¢) is a chart around r(y) in G; see
Proposition Bl Using that {Uas}a is a cover of open bisections, we may therefore let {(V3,43)}sen be
an atlas of G for which there exists a refinement map F': %6 — 2 such that V3 C Upg) for each j3.
Lemma states that the assumed properties on o, translate to the four properties [(U>)H(I*)|
with respect to the Lie-groupoid structure on G. Thus, by Lemma the sections kg = op(s)|v;
also satisfy the four properties |(U°) Since the domains of these ‘refined’ sections coincide with
the domains of the charts of an atlas for G, the result now follows from Theorem O

Remark 4.26. If we start with a Lie twist T x G© % E 5 G where G is étale, then we can choose a
family {(Uq, 0a)}a of smooth local sections of 7 supported on bisections; see Lemma These then
satisfy the conditions of Lemma [£24] and the uniqueness assertion in Corollary implies that the
resulting smooth structure is the same as the one we started with.
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5. SMOOTH CARTAN TRIPLES

In this section we prove our main C*-algebraic theorem. Given a Cartan pair B C A in which B is
a manifold, we describe algebraic conditions—phrased purely in terms of the smooth subalgebra B> of
B, and C*-algebraic data intrinsic to the pair B C A—that are equivalent to the corresponding Weyl
groupoid acting smoothly on its unit space, and the sections of the Weyl twist corresponding to the
given normalisers satisfying [(U°) We incorporate all of this data into our definition of a smooth
Cartan triple (A, B,.#"). Our main theorem says, roughly speaking, that every smooth Cartan triple
arises from a Lie twist over an effective étale Lie groupoid, and conversely that every such twist gives
rise to a smooth Cartan triple. We briefly discuss, in two concluding remarks, how our result can be
combined with Connes’ reconstruction theorem, and also the dependence of the smooth structure on the
Weyl twist coming from our theorem on the choice of a family .4 of normalisers in a smooth Cartan
triple.

We first need to recall a little background about Renault’s construction. A Cartan subalgebra B of
a C*-algebra A is a maximal abelian subalgebra such that there is a faithful conditional expectation
P: A — B and such that the set N(B) := {n € A: nBn* Un*Bn C B} of normalisers of B densely
spans A [19, Definition 5.1]. (Renault’s definition requires, in addition, that B contains an approximate
unit for A, but Pitts proved |17, Theorem 2.6] that this is a consequence of the remaining conditions.)
Let B be the spectrum of B, so that we may identify B with C’O(B) via the Gelfand representation.
Recall that supp®(k) denotes the open support {x € B|k(z) # 0} of k € Cy(B). We will explain how
B C A gives rise to an effective groupoid G4, 5 and twist E4 p (cf. [14, p. 1.6] or [19, Proposition 4.7]).

If n € N(B), then n*n,nn* € B, and there exists a unique *-isomorphism

(5.1) 0, : Co(supp®(n*n)) — Co(supp®(nn*)) that satisfies nfn* =0,(f)nn"

for all f € Co(B). Recall that, if n,m € N(B), then 0, 00,, = 0y, and 6,,- = 0. (cf. [14, Corollary 1.7]).
We point out that, in the literature, the focus is usually on the homeomorphism

(5.2) 0, supp®(n*n) — supp®(nn*)  determined by  6,(f) = f o8,
The Weyl groupoid G 4,p is the quotient of
{(n,z) :n € N(B),z € supp®(n*n)}
by the equivalence relation
(n,z) ~ (m,y)
x =y and 0, |c, ) = Omlc,(v) for an open neighbourhood U C B of z.

This groupoid has unit space {[k, ] : k € B, k(z) # 0} homeomorphic to B via [k, z] — x, and groupoid
operations r([n, z]) = On(z), s([n,z]) = z, [n,0m(2)][m,2] = [nm,z] and [n, 2] = [n*,0,(z)]. The
sets {[n,z] : (n*n)(x) # 0} indexed by n € N(B) constitute a base of open bisections for the topology
on G4, B.

Let E4 p denote the quotient of the same set {(n,z) : n € N(B),xz € supp®(n*n)} by the more
stringent equivalence relation ~ given by

(n,z) = (m,y) <= (n,2)~ (m,y)and P(n*m)(z) > 0.
We write [n,z] for the equivalence class of (n,z) under . Then the quotient
Eap = {(n,2) :n € N(B),z € supp°(n*n)} /=

is a groupoid with structure maps identical to the ones for G4 g above, with [, | replaced with [, ]. The
sets {[zn,z] : (n*n)(x) # 0,z € U} indexed by normalisers n € N(B) and open sets U C T constitute a
base for the topology on E4 . There is a map 7n: Eg4 g — Ga,p given by 7([n,z]) = [n, ], and there
is an inclusion i: T x GY 5 — FEa p given by i([2,2]) = [k, 2], where k € B is any element satisfying
k(x) = z. The sequence

T x G(z?x),B —L> EA,B l) GA,B

is a twist, called the Weyl twist of B C A. Renault proves in [19] that A is canonically isomorphic to
the reduced twisted groupoid C*-algebra C;(Ga,p; E4,p) in a way that carries the Cartan subalgebra
B to Co(GY p); in particular, the latter is a Cartan subalgebra of C;(Ga, 5; Ea,B)-

By [19, Proposition 4.8.] (see |11, Theorem 1.1] for further detail), every section of the line bundle
L4 p of E4 p described in Lemma 21] whose support is a bisection is a normaliser of CO(G(,Z),B) ~ B
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in C}(Ga,p;Fap) = A, and every normaliser has this form. Indeed, under Renault’s isomorphism
A= Cx(Ga,p; FEap), it is routine to verify that n € A maps to the section s6,,: Ga,p — La p given by

()2 (@), [n,al] i P(n*m) (@) # 0
0 otherwise.

653) (i) = {

In particular, the corresponding section oy, == 05, : supp®(s,) — Ea p of Lemma 2] is given by

[n,z] if P(n*m)(z) #0
0 otherwise.

(5-4) on(m, z]) = {

Our primarily application for the following lemma is when G is effective, or equivalently Co(G®) is
a masa in CX(G; E)]. However, since the same proof goes through for G not effective, we leave the
hypothesis out.

Lemma 5.1. Suppose that G is an étale groupoid, T x G® % E 5 G is a topological twist, and G
is a manifold. Let A = C}(G; E), and let B = Co(G”) C A. Let P: A — B denote the conditional
expectation of [19, Proposition 4.3]. Then the following are equivalent:

(1) G acts smoothly on G;

(2) for every normaliser n € N(B), the isomorphism 6y, : Co(supp®(n*n)) — Co(supp®(nn*)) of (1)
restricts to a *-isomorphism from C§°(supp®(n*n)) to C§°(supp®(nn*)); and

(3) there is a family & C N(B) of normalisers of B that densely span A such that for eachn € N,
the isomorphism 6,,: Cy(supp®(n*n)) — Co(supp®(nn*)) of @I restricts to a *-isomorphism
from C§°(supp®(n*n)) to C§°(supp®(nn*)).

Proof. If n is a normaliser, then by [19, Proposition 4.8.], U, := supp®(n) is a bisection of G and
f,=ro (8], ). Moreover, any bisection of G arises in this fashion.

For = |(2)| suppose that G acts smoothly on G. Then, by Lemmal[3.3] for every open bisection
U of G, the map s|y o (r|y)™" is a diffeomorphism. So follows from the observation of the first
paragraph.

== is trivial: every compactly supported section of L whose support is a bisection is a
normaliser of B. A partition-of-unity argument shows that such elements span I'.(G; L). So they densely
span C*(G; E).

For == note that since the elements of .4 densely span A, their supports cover G. So the
observation of the first paragraph shows that G is covered by open bisections that act smoothly on G©;
that is, G acts smoothly on G©. O

Definition 5.2. For X a topological space and f € Cy(X), let Ph(f) € Cp(supp®(f)) be the unique
function such that f = Ph(f)|f| on supp®(f).

Lemma 5.3. Suppose that G is an étale groupoid, T x G® % E 5 G is a topological twist, and G
is a manifold. Let A = C}(G; E), and let B = Co(G") C A. Let P: A — B denote the conditional
expectation of [19, Proposition 4.3]. Suppose that G acts smoothly on G and equip G with the manifold
structure constructed in Proposition [3.7. Suppose that {sq: Uy — L}aca CTo(G; L) C A is a family of
Cy-sections of the line bundle L associated to E such that each U, is a bisection of G. For each o € A,
define a continuous section of ™ by oo = 0s,: Uy — E. Then the following dictionary holds.

(1) {oa}a satisfies if and only if for all o € A, the function Ph(P(sy)) is smooth.
(2) {0a}a satisfies if and only if for all o, € A, the function Ph(P(s.s},)) is smooth.
(3) {oata satisfies|M>)|if and only if for all a, an, ap € A, the function Ph(P (84, 50,5 )) is smooth.
(4) {o4}a satisfies if and only if for all a, o’ € A, the function Ph(P(s454/)) is smooth.

Proof. For fix a € 2. By definition of g,
(5-5) 5a('7) = [|5a('7)|a O (7)})
so defining ko : Uy NG — T by 04(z) = t(ko(z), z) for each x € U, N G, we have
5q(2) = [ka(2) |50 (2)],2] € L.
3If G is not effective, then it admits an open bisection U C G \ G consisting of isotropy, and any nonzero f € Ce(U)

belongs to B’ \ B, so B is not a masa. If G is effective, then, for example |3, Corollary 5.3] shows that B is maximal
abelian.
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If we think of s4|qo0 = P(sq) as a function with values in C, then this reads as s4(z) = ko (2) [$o(x)]-
That is,

P(s4) = ko |P(84)| on Uy N GY.
As Uy NG = supp®(P(sq)), we see that ko, = Ph(P(s4)). Since {04 }a satisfies if and only if
each k, is smooth, the claim follows.

For recall from Remark [£9 that {04}, satisfies |[(S°°)|if and only if, for all «, o/, the map f =
fa,ar: Ua NUy = supp® (P(sasz/ ) rg)) — T determined by

oa(V)oar (7)™ = t(f(7): (7))

is smooth. We will prove that f is smooth if and only if Ph(P(s,s%,)) is smooth. For x € G, assume
that v € Uy N Uy with r(y) = x, then

(sas5)() = Y sa(n)sh(n™)

neG®
= 50(7) 5 (7)
= [lsa(M]:0a(M)] [lsar ()], 00 (7) 7] by Eq. (B.3) and [2, Eq. (2.3)]
= [[sa(V)| 50 (M), 0a()oar (7) 7] by definition of multiplication in L

= [lsa(l lsar (M £(), e(1, 2)]-

Since rg(y) = # and x was arbitrary, this proves that

f =Ph(P(sas,/)) org on the domain off.
Since U, N Uy is a smooth bisection by Lemma B35 we conclude that Ph(P(s,5%,)) is smooth if and
only if f is smooth, as claimed.

For recall from Remark L9 that {04}, satisfies |(M>)|if and only if, for all a, a1, ag, the map

9= Ga,o1,as" {(71,72) € Uq, *Uq, 1172 € Ua} = Supp® (P (S, Say5) © rG) — T determined by

Tar (1)0as (12)0a (172) ™" = t(g(11,72),7(71))

is smooth. We will prove that g is smooth if and only if Ph(P(s4,54,55)) is smooth. For z € G, if we
assume that (y1,72) is in the domain of ¢ and that r(v;) = «, then similarly to above, we compute

(Sa150,50) (2) = Z Z Sa, (M) Saz (72) Sa(m172)

MEGT nyeGsln)
= 501 (71) $a2 (12) Sa(M172)
= [I5a, (11)] 5as (72)] |80 (7172) | 0y (71)Tas (12)Ta (Y172) ] by Eq. (5.5)
= [I5ar ()1 502 (72)] |80 (v172) 9 (71, 72), ¢ (1, 2) ]
Since rg(y1) = « and x was arbitrary, this proves that
g =Ph(P($a,50,55)) or¢  on the domain of g.

This proves that Ph(P(sq,8q,55)) is smooth if and only if ¢ is smooth.

[e3

For recall from Remark that {04 }a satisfies |(I°°)] if and only if, for all a, o/, the map h =
ha,o: Us NU,; = supp® (P(sasar) o Tg) — T determined by
ga(V)ow (v7) = (h(7),7(7))

is smooth. We will prove that h is smooth if and only if Ph(P(s484/)) is smooth. For x € G, assume
that v € Uy NU,; with r(y) = x, so that y~' € Uy, then a computation similar to the ones above shows

(5a5ar)(z) = Z 5a(1) Sar (™) = 50 (V) 50 (V') = [|5a(’7)| 5ar (V) R(7), e(1, T(V))]
neG=
Since rg(y) =  and x was arbitrary, this proves that
h =Ph(P($454)) or¢  on the domain of h.
Again, we conclude that Ph(P(s,54/)) is smooth if and only if A is smooth. O
Definition 5.4. Let B be a commutative C*-algebra, and let B> be a subalgebra of B. Let U C B

be an open set. Let Iy = Cy(U) be the corresponding ideal of B, and let I® := B> N I;. We say that
f e Cy(U) is a local multiplier of B> if f - If? = {fg:g€ I} C I.

The definition of a local multiplier of B* is motivated by the following simple lemma.
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Lemma 5.5. Let M be a manifold, let B := Cy(M) and let B® := C*(M) C B. Fiz an open subset
U C M and a function f € Cy(U). Then f is smooth if and only if f is a local multiplier of B*.

Proof. If f is smooth, then for any g € C*°(U), the product fg is smooth. In particular, if g € I, then
fg is smooth. It belongs to Cy(U) because f is bounded. So f is a local multiplier of B*. Conversely,
suppose that f is a local multiplier of B*. Fix a point z € U; we must show that f is smooth at z.
Since M is a normal topological space, there exists an open set V such that « € V. C V C U, and then
by the extension lemma [15, Lemma 2.26] for smooth functions, there is a smooth function g: M — R
such that g|3- = 1 and supp(g) C U. Since f is a local multiplier of B>, we have fg € B>. Since fg = f
on V we deduce that f is smooth on the neighbourhood V' of z, and we are done. (I

If B is a commutative C*-algebra with B a smooth manifold, we write B for the image of Cgo(é)
under the Gelfand transform. If B is a Cartan subalgebra of A, then for n € N(B), we will further write
By, :== Cy(supp®(n*n)) and B = B* N B,.

Definition 5.6. Suppose that B C A is a Cartan pair with conditional expectation P: A — B, and
that B is a smooth manifold. Let .4 be a family of normalisers of B that densely spans A. We say that
(A, B, /) is a smooth Cartan triple if /N B = B>, and the family ./ satisfies the following.
(N*) Each n € 4 normalises B>, i.e., nB*n* C B> and n*B>*n C B*.
(U*) For all n € A4, Ph(P(n)) is a local multiplier of B*>.
(S*) For all m,k € A4, Ph(P(mk*)) is a local multiplier of B*.
(M*) For all n,m,k € A4, Ph(P(nmk*)) is a local multiplier of B>.
(I*) For all n,m € A", Ph(P(nm)) is a local multiplier of B*.

As seen in Lemma [5.3] Conditions |[(U*)H(I*)[in the definition of a smooth Cartan triple correspond
to Conditions [(U°°)H(I°?)| in Definition .8l Condition [(N*)| on the other hand, is motivated by the

following lemma and its corollary.

Lemma 5.7. Let B C A be a Cartan pair and suppose that B is a smooth manifold. For a normaliser
n of B, the following conditions and are equivalent.

(1) The homeomorphism 0, : supp®(n*n) — supp®(nn*) of G2) has a smooth inverse.

(2) The isomorphism 0,,: Cy(supp®(n*n)) — Co(supp®(nn*)) of (BI) maps B into B*>.
The condition

(3) nB>®n* C B>
implies both and and also that nn* € B*®. If n*n € B, then and are equivalent.
Proof. The implication == is trivial, since the composition of smooth functions is smooth. For
= let y € supp®(nn”) be arbitrary and let (V,1) be a smooth chart around = = 0 (y).
Write ¢ = (¢1,...,¢;) where k = dim(B) and ;: V — R. Now choose a smaller, precompact,
open neighbourhood V' of & with V/ C V N supp®(n*n) and, using the smooth Urysohn Lemma [15,
Proposition 2.25], choose h € C§°(VNsupp®(n*n)) such that hly» = 1. Then he); € B, S(lby we have
that 6,,(ht;): supp®(nn*) — R is smooth. By definition of 6,,, this implies that (hi;)06,': 0,(V') = R
is smooth. By choice of h, we have (ht;) 0 0;' = 1; 0 0! on 6,(V"), so we have proved that each of the

coordinates of 1 o @;1 is smooth around y, meaning that 6. is smooth.

For[(3)|=>[2)] fix f € BY° and a point « € supp®(nfn*). It suffices to show that 6, (f) is smooth at .
Choose a precompact open neighbourhood V' C supp®(n*n) of 5;1 (z) and use the smooth Urysohn Lemma
[15, Proposition 2.25] to find h € B> that is constant 1 on V. Then nhn*,nfn* € B> by assumption.
Equation (1)) shows that nhn* = 6,(h)nn* and nfn* = 0,(f)nn*. We have 6,(h) = ho 6,

-1, which is
identically 1 on W = é\n(V) Hence 0, (h)nn* is smooth and agrees with nn* on the neighbourhood W
of z. In particular, nn* is smooth at z and 1/(nn*) is smooth on W. Hence 0,,(f)|w = (0,(f)nn*)/(nn*)
is smooth on W. In particular, 0,,(f) is smooth at x € W as required.

Lastly, assume that n*n € B*; it remains to showz By definition of 6,, (cf. proof of [14, 6°
Proposition]), implies that the partial isometry v in the polar decomposition n = vv/n*n of n in A**
satisfies v B °v* = B2, If h € B, then hn*n € B;° since B* is closed under pointwise multiplication.
In particular, v(hn*n)v* € B*¥. Since B is abelian, we have nhn* = vy/n*nhy/n*nv* = v(hn*n)v* € B®
as required. O

Example 5.8. It may seem at first glance that, in the setting of Lemma (7] if nB*n* C B> (and in
particular nn* is smooth), then n*n should be smooth too. This is not the case. Define h: T — T by
h(e™) = e™’ for —1 <t < 1. Then hisa homeomorphism and is smooth, but it is not a diffeomorphism
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since the cubed-root function is not differentiable at 0. Let G be the groupoid equal as a topological
space to {0,1}2 x T with structure maps

T((Zﬂj)ﬂz) = ((Zﬂl)ﬂh17](z)) S((Zﬂj)ﬂz) - ((]5])’1") and ((Z;])ﬂhjik(z))((]ﬂ k)vx) = ((’L,k),l‘)

Then C;(G) = My(C(T)) and Co(G) = C(T) @ C(T) embedded as diagonal matrices. So B = TUT is a
smooth manifold, and B® = C*°(T) @& C*°(T). Let ng € C;(G) be the indicator function of {(0,1)} x T.
One can compute that

. 0 if ij £ 0
5.6 ((i,§),x) = ’
(56) (nowng) (i ). ) {w(a, 1),h(z)) ifi=j=0.
and

. 0 if ij # 1,
5.7 ngeng)((4,7),x) =
6.7 (nipno) (i), ) {cp((0,0),hl(:c)) S
Thus, non§ is the indicator function of {(0,0)} x T C G, while ning is the indicator function of
{(1,1)} x T € G“. It further follows from (5.2)) that 6! = h is smooth, but 6,, = h™" is not.

Fix fo € C*(T)" such that fg o HAnU g C°(T). Let f = fo ® 0, the copy of fy supported on
{(0,0)} x T C G, and define n := \/fng. Then for g = go ® g1 € B>, we have

ngn* =/ frogni\/f &D V(g1 0 )1 0yxr/f = [folgr o )] &0 € B>,

So nB*®n* C B, and in particular nn* € B*°. However,
n*n =ngfno €D 0 [fooh™'] ¢ B*.

Corollary 5.9. Let B C A be a Cartan pair and suppose that B is a smooth manifold. For a normaliser
n of B, the following are equivalent.

(1) One of n*n and nn* is smooth and gn s a diffeomorphism.

) Both n*n and nn* are smooth and (9\” is a diffeomorphism.

) One of n*n and nn* is smooth and 0,, restricts to a x-isomorphism from BS° to BSS.
) Both n*n and nn* are smooth and 0,, restricts to a x-isomorphism from BS° to BSS.
) n normalizes B*, i.e., nB®n* Un*B>n C B>.

(2
(3
(4
(5
Proof. 1f 6, is a diffeomorphism, then both 5;‘ and 0,, = @’li are smooth, so n and n* both satisfy |(1)|
of Lemma 571 Similarly, if 6,, is an isomorphism from B{° to Bg2, then both n and n* satisfy
Lemma[5.7] In either case, we then have that nn* = 0,,(n*n) is smooth if n*n is smooth, and vice versa.
Finally, if n normalises B>, then both n and n* satisfy of Lemma 5.7l So the result follows directly
from Lemma 5.7 U

Theorem 5.10. (1) Let T x G© % E 5 G be a Lie twist over an effective étale Lie groupoid. Let
A= CHG;E) and B = Cy(G®) C A, and suppose that A C T'§°(G;L) is a set of smooth
sections of the line bundle L of E, supported on bisections. If A densely spans A and contains
C5e(G™), then (A, B, A) is a smooth Cartan triple.

(2) Suppose that (A, B, A is a smooth Cartan triple. Let T x GO % E 5 G be the Weyl twist
associated to B C A. For each € A, let o,,: supp®(n) C G — E be the associated section
described at (B4l). Then there is a unique smooth structure on G extending that on G© = B
under which it is a Lie groupoid, there is a unique smooth structure on E under which the o,
are all smooth and w: E — G is a smooth principal T-bundle, and with respect to these smooth
structures, T x G© = E 5 G is a Lie twist, and the elements of A determine smooth sections
of the associated line bundle via the formula ([&3]).

Proof. By [19, Proposition 4.8], the normalisers of B in A are precisely the elements that, when
viewed as sections of L = T\(C x E) using [18, p. I1.4.2], are supported on bisections. Since .4~ consists
of smooth sections of L, the elements of .4 satisfy Condition of Definition Lemma shows
that, for all n,n; € .4, the phases of the functions P(n), P(nin}), P(ninan*), and P(nins) are smooth
and bounded (with modulus 1), so for each such phase f and each g € C§°(supp®(f)), the product fg
is smooth and belongs to C°°(supp®(f)); that is, they are all local multipliers of B*. So (4, B, /) is a
smooth Cartan triple.

Corollary 5.9 = shows that for n € 4 we have n*n € A4/ N B = B> and that 6,
restricts to an isomorphism BS° — B22. There is an explicit isomorphism A 2 C*(G; E) which maps
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B to Cp(G™). Give G the smooth structure that makes that homeomorphism a diffeomorphism; in
particular, B* is identified with C§°(G™).

Each n € A4 normalises B> by Condition so it follows from Corollary 5.9] |(5)] = that
0,: BS° — B2 is a #-isomorphism. Since .4~ densely spans A, Lemma [5.1] = [(1)| therefore implies
that G acts smoothly on G®. By Proposition B.1], = there is a unique étale Lie-groupoid
structure on G for which G is an embedded submanifold. Since the phases of the functions P(n),
P(nin3), P(ninan*), and P(nins) are local multipliers of B* for all n,n; € .4 by the remaining four
assumptions [(U*)H(I*)| on .47, Lemma shows that they are all smooth functions into T. Hence,
Lemma B3] shows that the family {c,: supp®(n) — E}nec.s of sections of m that is induced by the
given family .4 satisfies (I°°)f from Definition .8 with respect to the given smooth structure on
G. Thus Theorem gives the desired smooth structure on E with respect to which 7 is a smooth
principal T-bundle and each o, is smooth. To see that the elements of .4 are smooth, fix n € 4. Then
n = +v/n*n-(pooy,), so the preimage of n under the bijection in Lemma is the function v/n*n.
Since n*n and hence v/n*n is smooth, it follows from Lemma that n is smooth. O

Remark 5.11. Our main theorem is phrased so as to provide a correspondence between Lie twists over
effective étale Lie groupoids and triples (A, B,.4") in which we are given a manifold structure on B for
which .4 consists of smooth sections and B> = 4N B is the algebra of smooth Cy-functions. We can, of
course, combine this with Connes’ reconstruction theorem |6, Theorem 1.1] (see also [20,21]): the algebra
of smooth functions on a compact oriented smooth manifold is characterised by the functional-analytic
data of a spectral triple. Putting Theorem B.I0together with Connes’ result, we obtain a correspondence
between Lie twists over étale Lie groupoids whose unit spaces are compact oriented smooth manifolds,
and purely functional-analytic tuples (A, B, 4", H, D) such that, putting B> := .4 N B,

— the triple (B>, H, D) is a spectral triple satisfying Axioms (1)—(5) of [5],

— B is the C*-completion of B>, and

— the triple (A, B, /") is a smooth Cartan triple.

However, since we are using Connes’ formidable result here as a black box, we have chosen to emphasise
that once the smooth structure on B is given, the remaining smooth structure on G and E can be
recovered from operator-algebraic information.

Remark 5.12. Given a Cartan pair B C A and the algebra B® = Cgo(é) of smooth functions for
a manifold structure on E, it is an interesting question to what extent the smooth structure on the
associated Weyl twist E is unique. The point is that the smooth structure on E is determined by a
choice of a family .4 extending B> and satisfying the conditions in Definition To see why this
is non-unique, consider the situation where G = X x Z/27Z is the transformation groupoid for a fixed-
point-free order-2 diffeomorphism of a compact manifold X and E = T x G is the trivial twist. Then
continuous functions from G to T can be identified with sections of F via f +— [y — (f(v),7)]. We can
then obtain families 4" as in Definition as follows: Let ng: G® = X x {0} — T be the constant
function ng(z,0) = 1; this is the identity element of C(G; E) regarded as a normaliser of Cyo(G?). Fix
any continuous function f: X — T, and let n1: X x {1} — T be the function ni(x,1) = f(x), again
regarded as a normaliser. Now take A4 = {hng,hny : h € C*°(X)}. It is routine to check that these
normalisers have the required properties because the continuous phase f cancels with its own conjugate
wherever it appears in the conditions in Definition Since n; is, by definition, smooth with respect to
the smooth structure on E obtained from Theorem [5.I0l for .47, this smooth structure only agrees with
the standard smooth structure on T x G if f is itself smooth. So the smooth structure is not unique.

It should be possible to parameterise the possible choices of smooth structure in terms of cohomological
data. Given any two families .# and .4 as in Definition [£.6] by passing to a common refinement and
making appropriate use of Lemma T3] we can assume that the corresponding families of sections
{om :m € A} and {7, : n € A} have the same supports. More precisely we may assume without loss
of generality that .# = {m, : a € A} and A = {n, : @ € A} and that for each «, the corresponding
sections o, = oy, and 7, = 0, coming from Lemma 2]l have the same support U,. For each o € U
we therefore obtain a continuous function ¢, : U, — T such that o4 (7)7a (7)™ = i(ca(y),r(y)) for all
v € U,. On double overlaps U, g := U, N Ug, the difference c,¢g is a smooth function by So
the ¢, should determine a continuous Cech O-cocycle on the space G with smooth transition functions.
The smooth structures corresponding to .# and .4 should coincide exactly when the functions ¢, are
themselves all smooth. So the possible distinct smooth structures should be parameterised by the group of
continuous Cech cohomology classes of 0-cocycles with smooth transition functions modulo the subgroup
of cohomology classes of smooth Cech 0-cocycles.



SMOOTH CARTAN TRIPLES 27

As a final note, however, we point out that there is, up to equivalence only one possible smooth
structure on F that can arise from Theorem Specifically, [16, Proposition 1.13] shows that the
smooth structure on a given topological principal T-bundle over a manifold is unique up to equivalence
and so the smooth structures on E obtained from different choices of .4 all coincide up to equivalence.
We have not investigated whether the diffeomorphisms implementing these equivalences can be expected
to be groupoid homomorphisms and/or morphisms of topological twists, but this seems related to the
fact that the space T admits many smooth structures, all of which are equivalent, but only one for which
it is a Lie group.

APPENDIX A. DIFFERENTIAL GEOMETRY

Since a significant proportion of the imagined audience of this paper—and all of its authorship—
consists of C*-algebraists who may not have at their mental fingertips all of the differential-geometric
concepts and terminology used throughout, we have included this brief appendix collecting the key
relevant information. Our primary reference is [15], and we recommend it to those, like us, trying to find
the fundamentals of differential geometry that they need all in one well-organised place.

A.1. Manifolds and submanifolds. To understand and prove the (seemingly well-known) fact that
the composable pairs in a Lie groupoid form an embedded submanifold (see the discussion following
Definition 22 on page M), we need some definitions and lemmas. Our notation follows that used in [4].

Definition A.1 (|15, p. 2ff]). Suppose that M is a topological space. We say that M is a topological
manifold of dimension m if M is Hausdorff, second-countable, and locally Euclidean of dimension m,
meaning that each point of M has a neighbourhood that is homeomorphic to an open subset of R™.
A topological chart of M is a pair (U, ¢), where U is an open subset of M and p: U — ¢(U) is a
homeomorphism onto an open subset ¢(U) of R™.

Definition A.2. Suppose that M is a topological manifold of dimension m. A topological atlas of M is
a collection A = {(Wq,%qa)}aea where

(A1) {Wy}aen is an open cover of M and
(A2) each ¥o: W, — R™ is a topological chart.

We call A a smooth atlas (or just atlas) if we furthermore have
(A3) for all o,/ € 2, either the set Wy, o == W, N Wy is empty or the map

woz,a’ = wa|Wma/ o (wo/ |Wa7a/)7] : wo/ (Wa,a’) — woz (Wa,a’)
is a diffeomorphism (between open subsets of R™).

In this case, we will call one of the topological charts 1, : W, — R™ a smooth chart (or just chart).

We say that two atlases are compatible if their union is another atlas. An atlas is called mazimal if
it is not properly contained in any larger smooth atlas. A topological manifold M is called a smooth
manifold (or just manifold) if it comes with a chosen maximal smooth atlas .A. We will often refer to a
choice of an atlas as a smooth structure on M. Two smooth structures A, B on M are called equivalent
if there exists a diffeomorphism f: (M, A) — (M, B).

Remark A.3. Recall that every topological manifold M that admits a smooth structure A, admits
uncountably many incompatible smooth structures A;,t € R, that are built on top of the same, fixed
topology on M [15, Problem 1-6]. In other words, the identity map idj; is not a diffeomorphism between
(M, As) and (M, Ay) for any two distinct real numbers s,¢t. However, there are many manifolds M for
which any two smooth structures are equivalent, i.e., the smooth structure is unique up to diffeomorphism.
An example of such a manifold is the circle T (see [15, Exercise 15-13]).

Definition A.4 (|15, p. 77]). Given two (smooth) manifolds M, N, a smooth map f: M — N is

e a submersion if its differential d f, is surjective for each x € M (i.e., f has constant rank dim(N)),

e an immersion if its differential d f, is injective for each x € M (i.e., f has constant rank dim(M)),
and

e an embedding if it is an immersion and a homeomorphism onto its image.

Definition A.5 (|15, p. 98ff]). Suppose that M is a smooth manifold. An embedded submanifold of M
is a subset K C M that is a manifold in the subspace topology, endowed with a smooth structure with
respect to which the inclusion map K < M is a smooth embedding. Embedded submanifolds are also
called regular submanifolds by some authors.

We will often think of embedded submanifolds in terms of the local slice condition:
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Lemma A.6 ([15, Theorem 5.8]). Suppose that M is a manifold of dimension m. A subset K is an
embedded submanifold of dimension k if and only if it satisfies the local k-slice condition: for every
y € K, there exists a chart (U, ) around y in M such that (U N K) = o(U) NR¥, where R¥ C R™ is
(the image of ) the standard inclusion.

We were unable to locate an explicit reference for the following standard fact, so we provide a brief
proof.

Lemma A.7. If S is an embedded submanifold of M and U C M 1is open, then SN U is an embedded
submanifold of U. If S is properly embedded in M, then S NU is properly embedded in U .

Proof. The first statement follows almost immeditately from the definition of an embedded submanifold:
Since U N S is open in M, it is an open subset of S in the subspace topology, and hence an open
submanifold. Since ¢ restricts to a smooth embedding i: U NS — M, we deduce that U N S is an
embedded submanifold.

For the second statement, if S is properly embedded in M, then it is closed in M by [15, Proposi-
tion 5.5]. Hence SN U is closed in the subspace topology on U. So SN U is properly embedded in U by
a second application of [15, Proposition 5.5]. O

Lemma A.8 ([15, Propositions 5.4 and 5.7]). Suppose that M and N are smooth manifolds. Let f: M —
N be a smooth map. Then its graph I'y C M x N is a properly embedded submanifold of the same
dimension as M.

Proof. Let m and n denote the manifold dimensions of M and N. Fix (z, f(z)) in Ty, and let ¢: V = R"
be a chart around f(z) in N. Since f is continuous, f~'(V) is a neighbourhood around x. So there is a
chart ¢: U = R™ around = in M with U C f~'(V). Consider the smooth bijective map

Q: U xR" = U x R", (,17) — (U,w—w(f(@‘(ﬁ)))).
Let A= Qo (¢ x ). Then (U x V,A) is a chart around (z, f(x)) in M x N, and

AU x VL) = 2 (e, v(f W)y € U = {(v(v),0) 1y € U} =R™ x {0},
This proves that I'; is a submanifold of dimension m. (I

Definition A.9 ([15, p. 143]). Two embedded submanifolds K1, K C M are said to be transverse if for
each x € K1 N K5, the tangent spaces T, K7 and T, K> together span T, M. If f: M — N is a smooth
map and K C N is an embedded submanifold, we say that f is transverse to K if for every x € f~*(K),
the spaces Ty(,)K and im(df;) together span T,y N. A pair of maps f: M — K and g: N — K are
transverse if whenever f(z) = g(y) = z € K, the images im(df;) and im(dgy) together span T, (K).

Remark A.10. If f: M — N is a submersion, then it is transverse to any embedded submanifold of NV,
since im(df;) alone already spans all of T, N.

Theorem A.11 ([15, Theorem 6.30]). Suppose that M and N are smooth manifolds, that K is an
embedded submanifold of N of dimension k, and that f: M — N is smooth.
(1) If f is transverse to K, then f~(K) is a submanifold of M whose codimension in M coincides
with the codimension of K in N.
(2) If K' is an embedded submanifold of N that is transverse to K, then KNK' is also a submanifold
and its codimension is the sum of the codimensions of K and K'.

The following two results are well-known, but since we were unable to track a published references for
them, we provide proofs.

Proposition A.12. Suppose that M, N, K are smooth manifolds of dimensions m,n,k respectively. If
f: M — K, g: N - K are transverse, then the fibred product M g% N is a submanifold of M x N of
dimension m+n — k.

Proof. We follow the idea of the proof of [13, Proposition 3.3]. By Lemma[A.8] the graphs I'y C M x K
and I'y € N x K are submanifolds of dimension m and n. We claim that the submanifolds I'y x Iy,
and H = {(z,k,y,k) : x € M,k € K,y € N} of (M x K) x (N x K) are transverse. So for any
p=(z, f(z),y,9(y) = (z,k,y, k) € Ty xT'y) N H, we must show that

T,(T'y xTy)+T,H =T,(M x K) x (N x K)).
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Pick a tangent vector at (M x K) x (N x K) at p, say (a,b,c,d). Since f and g are transverse and since
f(z) =k = g(y), there exist n € T, M and p € TyN such that the element d — b of T K can be written
as dfy(n) +dgy(u). Thus, d = b+ dfy(n) + dgy(u), and hence
(a,b,¢,d) = (a+n, b+dfe(n), c—p, b+dfs(n))
+ (0, 0, g, dgy(p)).

The first line is an element of T),H, the second line is an element of T, t(,))I'y, and the third line is
an element of T(, 4(,))I'g. Hence their sum is an element of 7T,,(I'y x I'y). This proves our claim.

It now follows from Theorem that the intersection L of I'y x I'y and H is also a submanifold,
namely of dimension

dim(L) = dim(T'y xT'y) + dim H — dim((M x K) x (N x K))
=m+n]+m+k+n—[m+k+n+kl=m+n—k.
The map ¢: L — M x N given by u(z, f(z),y,9(y)) = (v,y), has image exactly M p+, 6 N and has
constant rank dim(L). Since ¢ is a topological homeomorphism onto its image, it is an embedding by

[15, Theorem 4.14(b)]. By [23, Theorem 11.13], this implies that ¢(L) = M g, N is a submanifold of
M x N of dimension dim(L), which we computed earlier as m 4+ n — k. O

Lemma A.13. A local diffeomorphism f: M — N between two smooth manifolds is a submersion.

Proof. We need to check that each differential df,: T, M — Ty, N is surjective, so fix p € M and let
D € Ty,)N be an arbitrary derivative of & g,).

For any fixed germ [h], at p, let h: U — R be a representative of the germ. By assumption on f, there
is a neighbourhood V of p such that f(V) is openin N and f|y: V — f(V) is a diffeomorphism. We may
shrink V' to an even smaller neighbourhood W of p such that W C U. Since the map ho(f|w)™": f(W) —
R is a smooth function defined around f(p), we can evaluate D at [ho (f|w) ']¢(). The resulting value
does not depend on the choices of W or h: if W/ C U is another open neighbourhood of p and A’ is
another representative of [h],, then there is an open neighbourhood W of p such that hlw» = h'|w,
and then f(W N W' NW”) is an open neighbourhood of f(p) on which ho (f|lw)™ and A’ o (f|w)™
coincide. Hence

(oo (Flw) T pm) = [0 o (flw) ] m)-
As the value of D at [ho (f|w) ']y depends neither on the choice of W nor of h, we may define
DIh], = D[ho (flw) s

To see that D is a derivative of &, we calculate:

D([hlplh2lp) = D([hahaly)
= D[(h1h2) o (flw) " ]5()
= DI[(h1 o (flw) ") (h2 o (flw) )] fw)
= D[(h1 o (flw) rmese (hao (Flw) ™) + sy (ha o (flw) ™) Dl(hz o (flw) )]s

= D([llp)ep([ha)) + ep([ha]) D([ha]p)-

For any germ [g](,) of f(p), we have

dfp(D)[glsp) = Dlgo flp = Dl(go ) o (flw) 15 = Dlgls(p)>
proving that d fp(D) = D, as claimed. O

1

-
-

A.2. Principal bundles. Here we collect the facts about principal bundles, and in particular smooth
principal bundles, that we use throughout the paper, for ease of reference.

Definition A.14 (|4, Definition 11.2.2]). Let M and P be topological spaces, I" a topological group,
m: P — M a continuous map, and I' x P — P, (s,z) — s -z, a continuous left action that is free and
transitive on each fibre 77*(m). Define a left action of T on I" x P by

I'x (T'xUy) =T x U,
(s, (t,x)) — (st,x).
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Suppose that {U,}aea is an open cover of M and that for each «, the map ¥, : 77*(U,) = T x U, is a
I'-equivariant homeomorphism such that the diagram

T (Us) —2 T x U,

N e

commutes. Then, m: P — M, together with the given I'-action, is called a topological principal I'-bundle
over M, T is called the structure group of the bundle, and each (U,,,) is called a topological local
trivialisation.

We call m: P — M a smooth principal bundle if M, P are manifolds, I is a Lie group, 7 is smooth, the
T'-action on P is smooth, and the v, can be chosen to be diffeomorphisms, in which case we call them
smooth local trivialisations.

As with manifolds, if the term ‘principal bundle’ appears without an adjective, we will implicitly mean
that it is smooth.

Remark A.15. If m: P — M is a smooth principal I'-bundle, then 7 is a submersion [15, Exercise 10-19].
If N C M is an embedded submanifold, then Py := 7~'(N) is therefore an embedded submanifold of P
[15, Corollary 6.31]. One can further show that 7|p, : Py — N is a smooth principal I'-bundle and that
the inclusion Py < P is a principal-I'-bundle morphism, covering the inclusion N — M.

Lemma A.16. Suppose that w;: P, — M, i = 1,2 are smooth principal I'-bundles and that ¥: Py — Ps
is a I-equivariant bundle map. If U is a smooth homeomorphism, then ¥ is a diffeomorphism.

Proof. First consider the case in which P; = P as topological spaces (not necessarily as manifolds) and
that ¥ = idp, ,p, is the identity map; in particular, since we are asking for this map to be a bundle
map, we must have m; = mo. Fix an arbitrary es € P», and write e; for the same point regarded as an
element of P;. Recall that ; is an open map, so for i = 1,2, there is an open neighbourhood V; of m;(e;)
such that there is a I'-equivariant diffeomorphism ; making the diagram

Pomi (Vi) — 2 S, TxV,CTx M

commute. Now, 71 (e1) = ma(ez2), so V := V3 N V4 is an open neighbourhood of 7;(e) for each i. Consider

i id P2

I'xV —m'(V)S " m' (V) — = T'xV.
1 Pyt

Since pry 0 9h; = m;, there is a unique map 7: I' x V' — T" such that

(Y2 091 ) (v, m) = (T(y,m), m).

Since 1; and ¥ are I'-equivariant, it follows that

T(’Yam) = ’YT(ll—‘am)a
so the map t: V — T' given by t(m) = T'(1r, m) satisfies

(2 0 ¥1") (7, m) = (yt(m), m).
An easy computation now shows that interchanging the roles of 1; and 12 amounts to composing ¢t with
the inversion map in I':

(Y1 o9y )(y,m) = (P20 ¢") (v, m) = (vt(m) ™", m).
By assumption, the map id: 7' (V) — m,' (V') is smooth, so 13 0 97" is smooth, and thus so are T" and
t. Since I' is a Lie group, the map I' x V' — T given by (y,m) — ~t(m)~' is smooth. In particular,
11 01y is smooth. Hence id: 75 (V) — 77 (V) is smooth around ez. In other words, id: P, — Py is a
diffeomorphism.

We now deal with the general situation; for reasons that will become clear in a moment, we stray from
the notation in the lemma. Fix given smooth principal T-bundles 7;: P, — M and 79: Q — M and a
T'-equivariant bundle map ¥: P; — @ which is a smooth homeomorphism. We show that ¥~ is smooth.

Since ¥ is a homeomorphism, we may let P> be the topological space P; endowed with the smooth
structure for which ¥ is a diffeomorphism. In other words, if we again write e; for the point es € P but
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regarded as a point of Py, then the map Uy: P — @, ea — ¥(eq), is a smooth map between manifolds
with smooth inverse. We equip P, with the projection map mo: Py — M given by ey + 719 (¥a(es))
and with the T-action vey == U5'(y - Uy(ey)). Since 7¢: Q — M is a smooth principal I'-bundle, so is
mo: P, — M, and by construction, W5 is an isomorphism of smooth principal bundles:

Since ¥ is a bundle map,
ma(ea) = 19 (Wa(e2)) = w2 (W(er)) = mi(en).
Moreover, since ¥ is I'-equivariant,
v-ea =Wy (v Walez)) = Vo'l (v - W(er)) = ¥y (U(y-e1)) =7 er.

In other words, the diagram

of principal I'-bundles commutes. By construction of the smooth structure and by the assumption that
VU is smooth, the map idp, p, = ¥5' o ¥ is smooth. We are now in the setting of the first paragraph,
and conclude that id is a diffeomorphism. Thus, U=' = U5 oidp,_, p, is smooth, as claimed. O

Lemma A.17. Suppose that m1: P, — M is a smooth principal T'-bundle, that mo: Po — M is a topo-
logical principal I'-bundle, and that ¥: P; — Ps is a I'-equivariant bundle map. If ¥ is homeomorphism
and Py is given the unique smooth structure that makes ¥ a diffeomorphism, then wo a smooth principal

bundle.

Proof. Since T" acts smoothly on P; and V¥ is I'-equivariant, the action on P is automatically smooth.
Since m; is smooth and ¥ is a bundle map, 72 is smooth, and since m; allows smooth trivialisations, so
does 5. O

Lemma A.18. Suppose that m: P — M s a topological (respectively smooth) principal T-bundle for
which the T-action is proper. Then for any U C M open and any continuous (respectively smooth)
section o: U — 7w (U), the map

PxU—#'(U), (y,m)—vy-o(m),

is a homeomorphism (respectively diffeomorphism) and thus defines a topological (respectively smooth)
local trivialisation b, : 7=(U) = T x U of P.

Proof. For this proof, let f: ' x U — 7~ *(U) be the map in the displayed equation; once we have shown
that f is invertible, we will care more about its inverse ¢, and thus write f = 1.".

Recall that Py := 77'(P) is an embedded submanifold of P and w: Py — U is itself a topological
(respectively smooth) principal I'-bundle (Remark [A.15). Likewise, with respect to the projection g onto
the second coordinate, ¢: I' x U — U is a topological (respectively smooth) principal I-bundle. Note
that f is equivariant by construction and satisfies pr, = m o f. Thus, in the topological case, we only
need to show that f is a homeomorphism; in the smooth case, we further need to check that f is smooth
so that we can invoke Lemma

The map f is injective since the I'-action on P is free and since o is injective, being a section, and
f is surjective since the T'-action is transitive. To see that f is open, we invoke [24, Proposition 1.1],
so suppose that {ex}» is a net in #7'(U) such that ex — v - o(m) for some v € T and m € U; we
must show that (a subnet of) {ex}r can be lifted to elements in I' x U which converge to (y,m). Let
my = mw(ey); since 7 is continuous and M is Hausdorff, my — m. For each A, we have m) = w(o(my))
since ¢ is a section. Hence transitivity and freeness of the I'-action implies that there exists a unique
vx € I such that ey = 7y - o(my). It remains to check that (a subnet of) {yx}x converges to . This
follows immediately from properness of the T'-action: both 7, - o(my) and o(my) converge.
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In the smooth case, f is smooth as a map I' x U — P since o is smooth and since the I'-action on P
is smooth. It follows that f is also smooth as a map I' x U — Py |18, Corollary 5.30]. By Lemma [A_16]
it now follows that f is a diffeomorphism. O
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