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KK-DUALITY FOR SELF-SIMILAR GROUPOID ACTIONS ON
GRAPHS

NATHAN BROWNLOWE, ALCIDES BUSS, DANIEL GONCALVES, JEREMY B. HUME,
AIDAN SIMS, AND MICHAEL F. WHITTAKER

ABSTRACT. We extend Nekrashevych’s K K-duality for C*-algebras of regular, re-
current, contracting self-similar group actions to regular, contracting self-similar
groupoid actions on a graph, removing the recurrence condition entirely and gen-
eralising from a finite alphabet to a finite graph.

More precisely, given a regular and contracting self-similar groupoid (G, E) acting
faithfully on a finite directed graph E, we associate two C*-algebras, O(G, FE) and

~

O(G, E), to it and prove that they are strongly Morita equivalent to the stable and
unstable Ruelle C*-algebras of a Smale space arising from a Wieler solenoid of the
self-similar limit space. That these algebras are Spanier-Whitehead dual in K K-
theory follows from the general result for Ruelle algebras of irreducible Smale spaces
proved by Kaminker, Putnam, and the last author.

1. INTRODUCTION

In the last 40 years self-similar groups have been fundamental in answering a wide
range of outstanding conjectures; for example, the Grigorchuk group [10] was the first
group shown to have intermediate growth, and also the first known example of a group
that is amenable but not elementary amenable. Since self-similar groups are defined
by their actions on trees, and hence induce actions on their boundaries, they lend
themselves to study via noncommutative analysis. Segal [30], building on the work
of Maharam [18] showed that commutative von Neumann algebras are precisely those
that arise as the L*>°-algebras of localisable measure spaces, and the Gelfand-Naimark
Theorem [9] characterises commutative C*-algebras as Cy-algebras of locally compact
Hausdorff spaces. Building on this foundation, much of modern operator-algebra the-
ory, including Connes’ noncommutative geometry, investigates noncommutative C*-
algebras by analogy with a kind of noncommutative measure space or topological space.
An excellent example is Connes’ notion of noncommutative Poincaré duality [4], which
we refer to as K K -duality between a pair of noncommutative C*-algebras (it’s actually
a version of Spanier—Whitehead duality, see [13]). A very general example of this is
the K K-duality between the stable and unstable Ruelle algebras of irreducible Smale
spaces [12]. Recently, pioneering work of Nekrashevych [22] proved that contracting,
recurrent, and regular self-similar groups each give rise to a pair of C*-algebras that can
be realised as the Ruelle algebras of an underlying Smale space and used the duality
result of [I2] to see that these algebras are K K-dual.
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In this paper we extend this duality result to the self-similar groupoids defined in [17],
and simultaneously extend Nekrashevych’s Smale space result [22] to self-similar actions
that are not necessarily recurrent. We also note that our proof is completely different; in
particular, we show that the underlying Smale space is a Wieler solenoid [31]. Our main
theorem, Theorem [RB] states that the C*-algebra O(G, E) of a contracting self-similar
groupoid action as defined in [I7], and the C*-algebra, suggestively denoted @(G, E), of
the Deaconu—Renault groupoid of the canonical local homeomorphism on an associated
limit space are K K-dual. In conjunction with consequences of classification theory
for C*-algebras (see [I12, Theorem 1.1 and Section 4.4] and [24, Theorem 5.11]), our

~

result implies that O(G, E) = O(G, E), so our K K-duality mimics Poincaré duality in
topology.

To prove our main theorem, we generalise the results of Nekrashevych [22] to the
self-similar groupoid setting of [17]. We extend Nekrashevych’s construction of the
limit space J of a self-similar group to the setting of self-similar groupoids, and show
that the shift map on J is open and expansive. We employ Wieler’s classification of
Smale spaces with totally disconnected stable sets to see that the projective limit of
J with respect to the shift map, which we identify with a natural limit solenoid S,
is a Smale space with respect to a homeomorphism 7 induced by the shift map on
J. Nekrashevych’s construction of Smale spaces from self-similar groups is subtle, so
we are careful to include all the details in extending to the situation of self-similar
groupoids. In doing so, we are able to weaken the existing hypotheses, even for self-
similar groups. The remainder of our work goes into proving that the Cuntz—Pimsner
algebra O(G, F) is Morita equivalent (i.e. stably isomorphic) to the unstable Ruelle
algebra of (S,7) and the Deaconu-Renault groupoid C*-algebra O(G, E) is Morita
equivalent to the stable Ruelle algebra of (S, 7).

We illustrate our results via several examples. In particular, the main example from
[17] is defined as the self-similar groupoid (G, E) arising from the following graph and
automaton:

4 a-1:4, (1,|1:’U;
3N 023, ap = b
1C” w b-3=1, by = v;

\_/ b-4=2, by =a.

2

The limit space of this self-similar action is homeomorphic to the complex unit circle
with the map z + 22. The associated limit solenoid is the classical dyadic solenoid
Smale space. Thus, using [32] and Theorem Rl we deduce that

KO(O(QE)) ENASYS K1<O(G,E)) =7, KO<O(G7E)) =7, and K1<O(G,E)) 2 7D7.

The Kirchberg-Phillips Theorem then implies that O, gy is isomorphic to the Cuntz—
Pimsner algebra of the odometer.

Another source of interesting examples are the Katsura algebras [I4]. These were
recognised as self-similar actions on graphs by Exel and Pardo [7]. To see how they
fit into our framework, see [17, Example 7.7] and [17, Appendix A] for the general
translation from the Exel-Pardo situation to self-similar groupoid actions. In [7, Section
18], Exel and Pardo show that all unital Kirchberg algebras in the UCT class have
representations as self-similar groupoids. They also prove that the K-theory of the
Cuntz—Pimsner algebra of a self-similar groupoid of this sort is directly computable
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from the graph adjacency matrix and restriction matrix for the self-similar action. An
analysis using Schreier graphs shows that the limit space of such a self-similar groupoid
is the total space of a bundle over the circle of copies of the Cantor set, each with an
odometer action specified by the restriction matrix. Once again, a combination of
K K-duality with classification theory shows that the Cuntz—Pimsner algebra of such a
system is isomorphic to the Deaconu—Renault groupoid of the limit space. This allows
us to compute the K-theory of these interesting Deaconu—Renault C*-algebras.

Example introduces a new example whose limit dynamical system is conjugate to
that of the basilica group. By definition, the basilica group is the iterated monodromy
group (see [21, Chapter 5]) of the function f(z) = 2% — 1 as a complex map from
C\{-1,0,1} —» C\{0,1}. The K-groups of its Cuntz—Pimsner algebra, and those
of its dual algebra, are computed in [22] Theorem 4.8] and [22, Theorem 6.6] (see also
[11]). Our main theorem therefore allows us also to compute the K-homology of both
algebras.

The paper is organised as follows. In Section 2] we give the necessary background
for the paper. We begin with directed graphs and their C*-algebras. This leads to a
section on self-similar groupoid actions on graphs and we recall relevant information
from [I7]. We conclude the section with Smale spaces and their C*-algebras.

In Section [3] we generalise Nekrashevych’s notion of a limit space to self-similar
groupoid actions. Nekrashevych’s construction is clever and subtle, so we provide
substantial details regarding the metric topology on the limit space that are omitted in
Nekrashevych’s work. We complete this section by defining the level Schreier graphs of
a self-similar groupoid action and how these relate to the limit space. In the following
two sections we seek to understand the dynamics on the limit space. In particular, we
show that the shift map on the limit space is a Wieler solenoid, and hence the natural
extension is a Smale space with totally disconnected stable sets.

Sections [6] and [7 define two natural C*-algebras associated to a self-similar groupoid
action. One is the Cuntz—Pimsner algebra of [17]; our main goal is to provide a groupoid
model for this algebra, extending that given by Nekrashevych in [22) Section 5]. The
other is the C*-algebra of a generalisation to self-similar groupoids of Nekrashevych’s
Deaconu—Renault groupoid of the limit space of a self-similar group. This becomes
the dual algebra for the Cuntz—Pimsner algebra. Corollary establishes the exact
condition required for the groupoid of germs to be Hausdorff.

Our main result appears in Section [l We prove that the Cuntz—Pimsner algebra is
strongly Morita equivalent to the unstable Ruelle algebra of a Smale space and that the
Deaconu-Renault groupoid algebra is strongly Morita equivalent to its stable Ruelle
algebra. We then deduce our main K K-duality result from [12].

2. BACKGROUND

2.1. Graphs and C*-algebras. In this paper, we use the notation and conventions
of [28] for graphs and their C*-algebras. A directed graph E is a quadruple E =
(E°, E',r,s) consisting of sets E° and E! and maps r,s : E' — E° The elements
of EY are called vertices and we think of them as dots, and elements of E' are called
edges, and we think of them as arrows pointing from one vertex to another: e € E!
points from s(e) to r(e).

A path in E is either a vertex, or a string ;1 = e; ...e, such that each ¢; € E! and
s(e;) = r(eip1). For n > 2 we define E™ = {e;...e, | e; € E*, s(e;) = r(eiq1)} for the
set of paths of length n in E. The length |u| of the path p is given by |u| = n if and
only if o € E™. The collection E* := |J;_, E™ of all paths in E is a small category
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with identity morphisms E°, composition given by concatenation of paths of nonzero
length together with the identity rules r(u)u = p = ps(p), and domain and codomain
maps 7, S.

For p € E* and X C E*, we write uX = {uv | v € X, s(u) =r(v} and Xp = {vu |
ve X,r(p)=s(v)}. We write uXv for pX N Xv.

We say that a graph F is row finite if vE?! is finite for each v € E° and that it has no
sources if each vE' is nonempty. We say that it is finite if both E° and E' are finite.
We say that FE is strongly connected if for all v,w € E°, the set vE*w is nonempty,
and FE is not the graph with one vertex and no edges. If E is strongly connected, then
vE! and E'v are nonempty for all v in E°.

In this paper, we will need to work with left-infinite, right-infinite and bi-infinite
paths in a directed graph E. We will use the following notation:

E>® = {ejegez- -+ | e; € B, s(e;) = r(eiqq) for all i},
E~={... e se_se_1|e € E" s(e;) =r(eiy) for all i}, and

E? ={... e ge_jepereq - | e; € B s(e;) = r(e;) for all i}.

For x = x1x9 - -+ € E* we write r(x) = r(z;) and for x = ...z _sx_; € £~ we write
s(z) = s(x_1).

We endow these spaces with the topologies determined by cylinder sets. These
cylinder sets are indexed by finite paths in each of the three spaces involved, so we
will distinguish them with the following slightly non-standard notation: for u € E™,
we define

Zp)={r€ E* |z ..., = pu}, and
Z(p)={x € E=° | x_p...x_1 = u}.

For n > 0 and pu € E*""! we write
Z(p) ={r € E" |z _p...xn = p}.

In this paper, all graphs will be finite. The spaces >, E=°° and E? are then totally
disconnected compact Hausdorff spaces and the collections of cylinder sets are bases
for the topologies that are closed under intersections.

There are standard metrics realising these topologies. The metric on £~ is given

by
o) = inf{27" | z,y € Z(p] for some p € E"} if s(z) = s(y)
e ey {2 i s(2) # ().

and the other two are defined analogously: for E*°, we replace Z(u] with Z[u) and
the source map with the range map; for EZ we replace “Z(u] for some p € E™” with
“Z(u) for some pu € E*" 1 and the conditions “s(z) = s(y)” and “s(z) # s(y)” with
“ro =yo” and “zo # yo.”

Given a finite directed graph with no sources, a Cuntz—Krieger E-family in a C*-
algebra A is a pair (p, s) of functions p : v — p, from E° to A and s : e — s, from
E' to A such that the p, are mutually orthogonal projections, each s’s, = Ps(e), and
Do = Y pepm Sest for all v € E°. The graph C*-algebra, denoted C*(E), is the universal
C*-algebra generated by a Cuntz—Krieger E-family, see [28].
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2.2. Self similar actions of groupoids on graphs. Recall that a groupoid is a small
category G with inverses. The identity morphisms are called units and the collection of
all identity morphisms is called the unit space and denoted G(°). The set of composable
pairs of elements in G is denoted G,

Self-similar actions of groupoids on graphs were introduced in [17], inspired by Exel
and Pardo’s work in [7]. The precise relationship between the two constructions is
detailed in the appendix of [17].

Given a directed graph E with no sources, and given v, w € E°, a partial isomorphism
of F* is a bijection ¢ : vE* — wE* that preserves length and preserves concatenation
in the sense that g(ue) € g(u)E! for all 4 € E* and e € E'. The expected formula
g(pe) = g(p)g(e) does not even make sense since g is not typically defined on s(u)E*.
For each v € E*, the identity map id, : vE* — vE* is a partial isomorphism.

The set Plso(E*) of all partial isomorphisms of E* is a groupoid with units id,
indexed by the vertices of ' and multiplication given by composition of maps. We
will identify the unit space of PIso(E*) with E° in the canonical way; this is consistent
with our notation for graphs since the map u — vu coincides with id, : vE* — vE*.

We will write ¢, d : Plso(E*) — E° for the codomain and domain maps on the
groupoid Plso(E*), because the symbols s and r are already fairly overloaded. So if
g :vE* — wE* is a partial isomorphism, then ¢(g) = w and d(g) = v.

A faithful action of a groupoid G with unit space E° on the graph E is an injective
groupoid homomorphism ¢ : G — PIso(E*) that restricts to the identity map on E°.
We will generally write g - p in place of ¢(g)(p).

If £ = (E° E',r, s) is a directed graph, and G is a groupoid with unit space E°,
that acts faithfully on E*, then we say that (G, F) is a self similar groupoid action if
for every g € G and every e € d(g)E"' there exists h € G such that c(h) = s(g - e) and

(2.2) g-(ep)=(g-e)(h-p) forall ue€s(g-e)E".

Since the groupoid action G ~ E* is faithful, for each g € G and e € d(g)E" there is
a unique h satisfying (2.2)). We denote this element by ¢g|., and call it the restriction of
g to e. Restriction extends to finite paths by iteration: for g € G, we define g|q4) = g,
and for e € E' and p € s(e) E*, we recursively define

g|eu (g| )|M

SO Gleyen = (- (gler)|es - - - e, and then ([22]) extends to
g (w) = (g-p)(gly-v)
whenever g € G, u € d(g)E* and v € E*s(pu).
We will use the following fundamental formulas without comment throughout the
paper.
Lemma 2.1 ([I7, Lemma 3.4 and Proposition 3.6]). Let (G, E) be a self-similar
groupoid action on a finite directed graph E. For (g,h) € G®, u € d(g)E*, v € E*s(p)
and n € c(g)E*, we have
(1) ( p) = clg) and s(g - p) = gl - s(p);
(2) gl = (9lu)l;
(3) idy () ‘u ids(u) s
(4) (hg)lyu = (hlgu)(glu); and
(5) g7y = (glg-1) 7"
We now give an example of a self-similar groupoid action by defining an F-automaton
as described in [I7, Definition 3.7, Proposition 3.9 and Theorem 3.9]. The key point
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FiGURE 1. Graph E for Example

of an F-automaton is that an action on the edges of the graph and a restriction map
satisfying specified range and source conditions ensures that the action extends to a
self-similar groupoid action on finite paths of the graph.

Ezample 2.2. The following example is carried through [I7]. Consider the graph E in
Figure [ and define

(2.3) a-1=4, a|y =v; b-3=1, bz =v;
a-2=3, aly =10 b-4=2 bly=a.

See [I7, Example 3.10] for a detailed exposition. To see explicitly how the groupoid
action on E* manifests we compute

a- 242312 = 3(b- 42312) = 32(a - 2312) = 323(b - 312) = 3231(v - 12) = 323112.
2.3. Smale spaces and C*-algebras. A Smale space (X, ) consists of a compact

metric space X and a homeomorphism ¢ : X — X along with constants ex > 0 and
0 < A <1 and a locally defined continuous map

[',']2{({L‘,y)GXXX|d(l‘,y)§Ex}—)X, ({L‘,y)l—>[l‘,y]

satisfying
(B1) [z,2] =,
(B2) [z, [y, z]] = [z, 2] if both sides are defined,
(B3) [[, ] z] = [z, 2] if both sides are defined,
(B4) o[z, y] = [¢(x ) ©(y)] if both sides are defined,
(C1) For z,y € X such that [z,y] =y, we have d(¢ ( ) o(y )) < Ad(z,y), and
(C2) For z,y € X such that [z,y] = =, we have d(o "1 (x), o7 (y)) < \d(z,y).

The bracket map defines a local product structure on a Smale space as follows, for
r € X and 0 < € < ey, define

X¥(z,e) ={ye X |d(z,y) <e,|y,z] =2} and
XYz, e) ={ye X |dx,y) <e,|r,y] =}

We call X*(z,¢) a local stable set of x and X*(z,¢) a local unstable set of x. Figure
gives a pictorial representation of the local stable sets and their interactions (provided
d(x,y) < ex/2).

Suppose (X, ¢) is a Smale space. Then for z,y € X the global stable and unstable
equivalence relations are given by

x ~g y whenever d(¢"(z),¢"(y)) — 0 as n — oo and
x ~, y whenever d(p " (z),¢ "(y)) — 0 as n — oc.

The stable equivalence class of x € X is denoted X*(z) and we have X*(z,¢) C X*(x).
Similarly, the unstable equivalence class of x € X is denoted by X*(z) and X“(z,¢e) C
X*(x). We consider each of the stable equivalence classes as locally compact and
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Xu<y> EX)
X"z, ex)

XS(@/?EX)

T [, Y]

F1cURE 2. The local stable and unstable sets of x,y € X and their
bracket maps

Hausdorff topological spaces whose topology is generated by {X*(y, ) | y € X*(x),0 <
€ < ex}. A similar topology is defined in the unstable case.

A Smale space (X, ¢) is said to be irreducible if, for all non-empty open sets U, V' C
X, there exists N such that @M (U)NV # @.

It is said to be mizing if, for all non-empty open sets U,V C X, there exists N such
that " (U)NV # @, for all n > N.

We now consider various C*-algebras associated with Smale spaces. Ruelle first de-
fined C*-algebras associated to Smale spaces in [29], and these C*-algebras are usually
referred to as the stable and unstable algebras of the Smale space. In [25], Putnam then
defined the Ruelle algebras as crossed product C*-algebras of the stable and unstable
algebras. Putnam showed that the Ruelle algebras generalise Cuntz—Krieger alge-
bras. More recently, Putnam and Spielberg [27] considerably simplified the groupoid
constructions of the above algebras when the Smale space is mixing, up to Morita
equivalence. Putnam discussed in [26, Section 2] how this simplification extends to the
non-wandering case. We shall only be interested in Smale spaces that are irreducible,
which is a stronger condition than non-wandering.

For the remainder of this section we will outline the construction of the stable algebra
S(X, P) and the stable Ruelle algebra S(X, P) x Z. A more detailed version of these
constructions is given in [27] and [12] Section 3].

Given an irreducible Smale space (X, ), we fix a non-empty finite p-invariant set
of periodic points P (in the irreducible case periodic points are dense). Then we
define X*(P) = J,cp X"(p), which is given a locally compact and Hausdorff topology
generated by the collection {X"(z,¢) |z € X“(P), € € (0,ex]}.

The groupoid of the stable equivalence relation is

(2.4) G*(P) :={(v,w) e X x X | v ~s wand v,w € X*“(P)}.

The stable groupoid can be endowed with an étale topology, see [12, Lemma 3.1] for
details. With this structure G*(P) is an amenable locally compact Hausdorff étale
groupoid. The stable C*-algebra S(X, P) is defined to be the groupoid C*-algebra
associated with G*(P).

There is a canonical automorphism of the C*-algebra S(X, P) induced by the auto-
morphism of the underlying groupoid G*(P) defined by « := ¢ x ¢. This automorphism
of G*(P) gives rise to a semidirect product groupoid G*(P) X, Z, which is again an
amenable locally compact Hausdorff étale groupoid. The stable Ruelle algebra is the
crossed product S(X, P) X, Z = C*(G*(P) X Z), where we also write « for the auto-
morphism of S(X, P) induced by o € Aut(G*(P)). Putnam explains in [26, Section 2]
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how S(X, P) %, Z is strongly Morita equivalent to the Ruelle algebra originally de-
fined by Putnam in [25], building from the similar result of Putnam and Spielberg in
the mixing case ([27]). The result of [27] that the Ruelle algebra is separable, simple,
stable, nuclear, purely infinite, and satisfies the UCT extends readily to the irreducible
case.

A similar construction gives the unstable groupoid G"(P), the unstable algebra
U(X, P) and the associated unstable Ruelle algebra U (S, P) xZ = C*(G"(P) X Z). Al-
ternatively, the stable algebras for the Smale space (X, p~!) with the opposite bracket
map are isomorphic to the relevant unstable algebras for (X, ¢).

3. THE LIMIT SPACE OF A SELF-SIMILAR GROUPOID ACTION

In this section we generalise Nekrashevych’s construction of the limit space of a
self-similar group [21, Chapter 3] to the situation of self-similar groupoid actions.

Definition 3.1. Let F be a finite directed graph. Let (G, F) be a self-similar groupoid
action. We say that left-infinite paths z,y € E~>° are asymptotically equivalent, and
write T ~,e y if there is a sequence (g,)n<o in G such that {g, | n < 0} is a finite set,
and such that

Jn Tp...To1=1Y,...y_1 foralln <0.

If the sequence (g,,) implements an asymptotic equivalence x ~,, y and the sequence
(h,) an asymptotic equivalence y ~,. z then d(h,,) = ¢(g,) for all n, and (h,g,) imple-
ments and asymptotic equivalence x ~,. z. Moreover, the sequence g, ' implements an
asymptotic equivalence y ~,. =, and the sequence (r(x,)),<o implements an asymptotic
equivalence x ~,, . So ~, is an equivalence relation.

Definition 3.2. Let E be a finite directed graph. Let (G, E') be a self-similar groupoid
action. The limit space of (G, E) is defined to be the quotient space Jg g 1= £~ /~pe.

The limit space is typically not a Hausdorff space, but, just as in the setting of [21],
it is guaranteed to be Hausdorff if the self-similar action is contracting in the following
sense, introduced in [17,21].

Definition 3.3. We say that a self-similar groupoid action (G, E') on a finite directed
graph FE is contracting if there is a finite subset F' C G such that for every g € G
there exists n > 0 such that {g|, : p € d(g)E™} C F. Any such finite set F'is called a
contracting core for (G, E). The nucleus of G is the set

Neg = ﬂ{F C G | F is a contracting core for (G, E)}.
We will frequently just write N rather than N g when the self-similar groupoid action
in question is clear from context.

Just as in the setting of self similar groups, the nucleus is the minimal contracting
core for (G, F), and is symmetric, closed under restriction and contains G©:

Lemma 3.4. Let E be a finite directed graph. Let (G, E) be a contracting self-similar
groupoid action. Then N is a contracting core for (G, E) and is contained in any other
contracting core for (G, E). We have

(3.1) N =J N9l e d(@)E", |ul = n}.

geG n=1

We have N = N1, N is closed under restriction, and if E has no sinks, then G C
N.
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Proof. For the first statement, we first show that the collection of contracting cores for
(G, E) is closed under intersections. If ) K are contracting cores for G and g € G, then
there exist M, N such that g|, € F' whenever || > M and g|, € K whenever |v| > N.
In particular, if || > max{M, N} then g|, € FN K. So FN K is a contracting core.

Now since contracting cores are, by definition, finite, there is a finite collection F of
contracting cores such that N'= () F. So the preceding paragraph shows that N is a
contracting core. It is then contained in any other contracting core by definition.

Let M := U,cq Mazi{glu | 1 € d(g)E*,[u] > n}. Fix h € M. Then there exists
g € G and a sequence (y;):2, of finite paths such that |u;| — oo and g|,, = h for all
i. By definition of N there exists N such that g|, € N whenever |u| > N. Since
n; — oo we have n; > N for some ¢, and so h = g|,, € N. So M C N. For the reverse
containment, observe that we have just seen that M is finite. Fix g € G. Since G is
contracting, the sets R, := {g|, | |#| > n} indexed by n € N are all finite, and they are
decreasing with respect to set containment. So there exists NV such that R, = Ry for
all n > N. It follows that g|, € Ry € M whenever || > N. So M is a contracting
core for (G, E) and therefore N' C M by the first assertion of the lemma.

To see that N'= N1 fix h € N. Then (B.0)) shows that there exists g € G and a
sequence (f1;)%2; in d(g)E* such that |p;| — oo and g|,, = h for all i. We then have
ht = (glu) "t = g gy for all i, and so (B1) gives that A=t € N,

That N is closed under restriction follows immediately from (B.1]).

Finally, if E has no sinks, then for each v € E® and n > 0, E™v # ). Let w be a vertex
such that wE™v # () for infinitely many n € N. Then, v € {w|, : p € wE™, |u| > n}
for all n € N, so that v € N. O

Notation 3.5. Let E be a finite directed graph with no sources. Let (G, FE) be a
contracting self-similar groupoid action with nucleus A. Since N is finite, so are the
sets

N =TT, 06 | g1s- -+ 9x € N and d(g) = c(gisa) for all z}
We write Ry for the integer
Ry :=min{j € N|h|, € N for all h € N* and p € E7}.
So Ry =0, and R; < R;14 for all 2.
We now show that if x,y € E~*° are asymptotically equivalent, then the sequence

g; implementing the asymptotic equivalence can be taken to belong to AV and to be
consistent with respect to restriction.

Lemma 3.6. Let E be a finite directed graph. Let (G, E) be a contracting self-similar
groupoid action with nucleus N'. Then x,y € E~> are asymptotically equivalent if and
only if there exists a sequence (hy)n<o of elements of N such that h, - x, = y, and
hule, = hny1 for alln.

Proof. If there is such a sequence (h,,) of elements of N, then for each n we have

B (oo c221) = Yn(bnle, - Tnsr oo 21) = Yn(Bpa1 - Tpar o T1) = = Yp ... Y_1.
SO T ~ae Y.
Conversely suppose that = ~,. y, and fix a sequence (g,)n<o in G with just finitely
many distinct terms and satisfying g, - ... 21 = y,...y_1 for all n. Let § =

{gn | m < 0} be the finite set of elements appearing in the sequence (g,). Since
(G, E) is contracting, for each g € S there exists k, such that g|, € N whenever
\p| > ky. Let k := maxyeg ky. We construct a sequence (hy)n<oo in A iteratively as
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follows. Consider the sequence (g |z, ..x_5)n<—k—1. By the choice of k, every term of this
sequence belongs to . Since N is finite, there exists h_; € N and a strictly decreasing
infinite sequence (n;); of integers n; < —2 — k such that g1/, , » , = h_y for all

1. Since each Int (:L‘n% S Ty) = Ynt - Y1, We have h_y -x_; = gnl;|gcnl___gh2 AR
1

(gnzl ' xn} e "T—l)—l =Y-1-

Now suppose that we have chosen h,,,...,h_; € N such that each h; - z; = y; and
hjle; = hjy1, and a strictly decreasing sequence (nj")2; of integers nj® < m —k — 1
such that gn;n|36n2n___gﬁmf1 = h,, for all i. Then the sequence (gn;n|$n§n___xm72),~ is contained

in AV, so there exists h,,_, € N and a subsequence n/"*

property that n;”_l|ggn,'n___3[;mf2 = h,,—1 for all 7. We have

of the sequence n]" with the

Pontlm—1 = (gn;n71|$ng”---xm72)|$mfl = gn’l’”1|xn;n---$m71 = hm,

and Ny, 1 Tm_1 = Ym_1 by a calculation just like the one we used to see that h_-x_1 =

Y-1.
The above procedure produces a sequence (hy,)n<1 in N with the desired properties.

0

Corollary 3.7. Let E be a finite directed graph. Let (G, E) be a contracting self-similar
groupoid action with limit space J = Jgg. Let ¢ : E=°° — J be the quotient map.
For each x € E=°°, the equivalence class [z] := q 1 (q(x)) satisfies |[x]| < |N].

Proof. Fix & € E=°°. Let y',...,y' be distinct elements of [z]. We must show that
[ <|N|. Fix m < 0 such that the finite paths p’ := ¢’ ...y" | for i <[ are all distinct.
Lemma (3.6 implies that there are elements n', ..., n! € A such that ! = nf-x,,...2_;
for all 4. Since the p’ are distinct, the n’ are distinct, forcing [ < |N]. 0

To construct a Smale space from the limit space J we will show that the shift map on
E~°° descends to a self-mapping of 7, and that under a regularity hypothesis similar
to that used by Nekrashevych [21], this self-mapping is locally expanding and hence a
local homeomorphism.

To do this, we need to describe a basis for the topology on 7 and then a metric that
induces that topology.

We start with a preliminary lemma about quotient topologies.

Lemma 3.8. Let X be a compact and metrisable Hausdorff space and let ~ be an
equivalence relation on X. Let Y := X/~ be the quotient space, and q : X — Y the
quotient map. For each A C X, let Uy :={y €Y | q ' (y) C A}. If A is open in X,
then Uy is open in Y. If |7 (y)| < oo for each y € Y, then for any basis B for the
topology on X, the set

Up :=={Up | B is a finite union of elements of B}
is a basis for the quotient topology on Y. If ¢ : X — Y 1is a closed map, then Y is
metrisable.
Proof. By definition of the quotient topology, Uy is open in Y if and only if ¢~ 1(U,) is
open in X. By definition of Uya, we have [z] € U, if and only if [x] C A, and so
U = {re X |[1] S A} = X\{ze X | 1]\ A# 2},
So it suffices to show that if a net (z;);e; in X converges to some =z € X, and if

each [z;] \ A is nonempty, then [z| \ A is nonempty. To see this, note that for each
i, there exists y; € [r;] \ A. Since X is compact we can pass to a subnet (y;,) that
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converges in X. Since A is open, we have that y := lim;y;, ¢ A. Since the quotient
map is continuous we have q(y) = lim; q(y;,) = lim; q(z;,) = lim; ¢(2;) = [z], and so
yela\ A

Now suppose that B is a basis for the topology on X. Let V' be an open subset of
Y and fix y € V. Since ¢~ (V) is open in X, for each point z € ¢ '(y), we can find
B, € B such that z € B, C ¢ (V). Let B := Useq-1(y) Bz Since q '(y) is finite, this
is a finite union of elements of B, so it suffices to show that y € Ug C V. By definition
of B we have ¢~ !(y) C B and so y € Ug. To see that Ug C V, take v/ € Ug. Then
¢ Y(y) € B by definition of Ug. Since each B, C ¢~ *(V), we have B C ¢ (V) and
hence ¢(B) C V. So y € ¢(B) C V, as required.

The last statement follows from [5, Theorem 4.2.13]. O

Our next lemma describes how asymptotic equivalence interacts with the action of
the nucleus on cylinder sets.

Lemma 3.9. Let E be a finite directed graph. Let (G, E) be a contracting self-similar
groupoid action. If there exists g € N and p,v in E* such that g - p = v, then

o(Z(p) Nq(Z(v]) # 2.

Proof. Fix p,v, and ¢g. Since A is closed under restriction, there exist e € E! and
h € N such that h|. = g. Let f := h-e. We claim that s(e) = r(u) and s(f) = r(v)
so that h-eu = fr. Indeed, by Lemma 2.TJ(1) we have

s(f) =s(h-e) = hle-s(e) = g-s(e).

Since d(g) = r(u) we have that s(e) = r(u) and then s(f) = g-r(u) = r(v), proving the
claim. By applying the above procedure recursively, we can construct paths x € Z (]
and y € Z(v] such that z ~, y. O

We can now describe a basis for the topology on the limit space of a contracting
self-similar groupoid action.

Corollary 3.10. Let E be a finite directed graph with no sources or sinks. Let (G, F)
be contracting self-similar groupoid action. The sets

Uu={y € 7107 @) € Uyenra- 1) 209 11},

indezxed by p € E*, are a basis for the topology on J.

Proof. By Lemma[3.8 we know that U, is open. Now fix an openset V C J andy € V.

If © € Z(p] for some p € E", and 2/ ~,. z, then by Lemma there exists
g € NNd(r(u)) such that 2’ € Z(g - u]. So, if ¢(z) =y, then y € U,_,. ,_, for all
n€N. Let X, = U enna-1(r(x_n)) 29 T—n-..v-1]. Since N is closed under restriction,
X1 € X, for all n € N. By Lemma B8, (,,cy X = ¢~ '(y). Hence, the compact sets
Y, := q(X,,) satisfy Y41 C Y, and (), oy Y = {y}. Therefore, there exists & € N such
that Yy C V. Since y € U, C Y}, the result follows. O

ke —1

Our eventual goal is to show that the projective limit of copies of J with respect to
the endomorphism induced by the shift map on £~*°, is a Smale space. This requires
a metric that induces the topology in J. We will build this from the following semi-
metric.
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Definition 3.11 ([3, Definition 3.1.2]). Suppose (X, d) is a metric space and R is an
equivalence relation on X. The quotient semi-metric dgr is defined by

(3.2)

k
dr(z,y) = inf { > dpi i) | pinai € X, o =po,y = q and g; ~ piy for i < k}
=0

The following fairly straightforward diagonal argument shows that if X is compact
and R is a closed equivalence relation, then dg is a metric; this is surely known, but
we could not find the result in the literature so we give a proof.

Lemma 3.12. Suppose (X, d) is a compact metric space and R is a closed equivalence
relation on X. Then there is a metric dr on X/R such that dg([z], [y]) = dg(z,y) for
all z,y € X.

Proof. To see that the formula for dp is well defined, suppose that (z,2") and (y,y’)
belong to R. We must show that dr(z,y) = dr(z’,y’). By symmetry it suffices to show
that dr(x,y) < dgr(2’,y’). For this, observe that po =z, o = o', p1 =y and ¢ = y
determines a term in the infimum in ([B.2)) that defines dg(z,y) with value d(z’,y’).
Since dg is a semi-metric [3, Definition 3.1.2], we now only need to show that if
dr(z,y) = 0 then (v,y) € R. Suppose that dz(z,y) = 0. Choose sequences (p;,)i,

and (Qz n) =1 SU-Ch that pOn =, QOn =Y, eaCh QZn ~ szrl n and El 0 (pi,na %’,n) < 2%
For n € N and i > k,,, define p;, = ¢;, = y, so that Y .°  d(pin, Gin) < 2—n for each n.

The closed subset R of the compact set X x X is itself compact, so the sequence
((qo ns P1 n)) has a subsequence, say (qo, ;; P1,n, ), that converges to some (go, p1) €

Recursively, given i > 1 and a sequence (n;;)$2, such that (¢;—1,n, ;,Pin, ;) converges
in R, choose a subsequence (nzﬂj) © 1 such that n;p11 > ni1 and (G, s PitLinir,)
converges to some (¢;, pi+1) € R. The resulting sequence (g;, pl+1)220 converges to (y, ).
We have py = x, and for each i, since d(pi+17ni+l’j, Qi+1,ni+1,j) < 27MitLi - we have p; = g;
for each i. That is x = pg ~ p1 ~ pa--+ — y. In particular, each (z,p;) € R and we
have (x,p;) — (x,y). So using once more that R is closed, we see that (z,y) € R. O

Corollary 3.13. Let (G, E) be a contracting self-similar groupoid action. Then its
limit space (J,dz) is a compact metric space.

Proof. Recall that (E~>°,d) is compact in the product metric d of (Z1]). By Lemma 3.8
and Lemma [3.12] it suffices to show that ~,, is a closed equivalence relation. For this,
suppose that C' is a closed subset of £~>° and fix a net (z,) € C and a point z in
E~>° such that ¢(z,) converges to ¢(z). We must show that ¢(z) € ¢(C). Since £~
is compact, so is (', so we may assume that z, converges to some z € C. Hence
q(z4) = q(z). So we must show that x ~, 2.

Fix an integer n < 0. By Corollary B.I0l we have that ¢(z,) € U,,. ._, for large a,
and since x,, converges to z we have that =, € Z(z, ...z_1] for large a. It follows that
there exist g, € N such that Z(g, -2, ...x_1]NZ (2, ...2_1] # @. Since Z(u|NZ(v] =
for distinct p,v € E™, we deduce that g, -z, ...x_1 = 2,...2_1. Since n < 0 was
arbitrary, it follows that x ~,. z as claimed. O

3.1. Schreier graphs and recurrent self-similar actions. Schreier graphs define
useful combinatorial approximations to the limit space of self-similar actions. We begin
with the definition that suits our situation. Note that Schreier graphs of groups have
a rather general definition that generalises Cayley graphs.
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Definition 3.14. Let (G, E) be a finitely generated self-similar groupoid, and let A
be a generating set for GG that is closed under inverses and restriction. The level-n
Schreier graph T, :=T',,(G, A) is the (undirected) graph with vertex set I'? := E™ and
an edge labelled by a € A between p and v if and only if d(a) = r(p) and a - pp = v.

Note that we could label an edge in I',, by either a € A or a~! since A is closed under
inverses and if @ - 4 = v, then a™! - v = u. We will make use of the geodesic distance,
dgeo, O the vertex set of an undirected graph: dge,(v,w) is the minimum length of a
path between v and w. The following generalises [21], Proposition 3.6.6]; the proof is
virtually identical.

Proposition 3.15. Let (G, E) be a finitely generated, contracting self-similar groupoid
action on a finite directed graph E. Let A be a finite generating set for G that is closed
under inverses and restriction. Let I be the level-n Schreier graph I',,(G, A). There is
a map Y, : 'y = T'y_1 defined by

Unlep) = forein E' and v in s(e)E™!
Un(a:ep — fv)=ale: p—v.

For xz,y € E=*°, the sequence (dgeo(x,n XY - .y,l))zo:l is bounded if and only
if x and y are asymptotically equivalent.

We now generalise Nekrashevych’s notion of a recurrent self-similar group action to
groupoid actions. While we do not require recurrence for the main results of this paper,
it does illuminate interesting topological properties of the dynamics and the limit space.
We note that Nekrashevych synonymously uses recurrence, self-replicating, and fractal
for the notion below.

Definition 3.16. A self-similar groupoid action (G, E) is said to be recurrent if, for
any e, f € E' and h € G with d(h) = s(e) and c(h) = s(f), there is g in Gr(e) such
that g-e = f and g|. = h.

Recurrence of a self-similar groupoid action is obviously a rather strong condition.
For example, if (G, F) is recurrent, then we immediately see that the in-degree of all
vertices of the graph must be equal. Another immediate consequence of recurrence is
the following.

Proposition 3.17. Suppose (G, E) is a recurrent self-similar groupoid action on a
finite directed graph E. Then the action of G on E* is level-transitive.

Proof. For paths of length one, transitivity follows immediately from recurrence. Now
suppose that for any paths p and v of length n and any h € G with d(h) = s(u)
there exists ¢ € G with d(g) = r(u) such that g - p = v and g¢|, = h; that is, G
acts transitively on paths of length n with specified restriction as in the definition of
recurrence. We now consider paths A and p of length n + 1 and aim to show that
there exists g € GG such that g - A = p. Recurrence implies that there exists g,+1 € G
with d(gn11) = r(Any1) such that g,y1 - Apr1 = pnr1. Now the inductive hypothesis
implies that there exists g € G with d(g) = r(\) such that g- Ay -+ A\, = p1---p, and
9lri-a, = gni1. Thus we have

9‘>\ :g'>\1"'>\n>\n+1 = (P1"',0n)gn+1 ')\n-i-l =pP1° " PnPn+1 = P,
the desired result. O

Following Nekrashevych, we now look to connectedness of the limit space, but first
we will generalise [21], Proposition 2.11.3].
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Proposition 3.18. Suppose that (G, F) is a contracting, recurrent self-similar groupoid
action on a finite directed graph E and that G is finitely generated. Then the nucleus
N of (G, E) is a generating set.

Proof. Let H be a finite generating set for G. Then there exists m € N such that
for every h € H, the set {h|, | |¢| > m} is contained in . Given g € G, we have
g = hihy---h, with h; € H for 1 <i < n. Since (G, F) is recurrent, for each h;, there
exists a; € G and p; € s(a;) E™ such that a;],, = h;. Since q; is a product of elements
of H it follows that a;|,, = h; is a product of elements of A'. Thus G is generated by

N. O

The following proof follows Nekrashevych’s [21, Proposition 3.3.10 and Theorem
3.5.1], which he in turn partially attributes to K. Pilgrim and P. Haissinsky (private
communication).

Theorem 3.19. Suppose (G, E) is a contracting self-similar groupoid action on a
finite directed graph E and that G is finitely generated. Then the limit space Jia k) is
connected if and only if (G, E) level-transitive.

Proof. First suppose that (G, E) is level transitive. We suppose that J = J, p) is
not connected, and derive a contradiction. Let H be a finite generating set for G. Fix
closed, non-empty subsets A, B C J such that AUB = J and AN B = @. Let
Xa=q A and Xp = ¢ }(B). Then X4 and Xp are closed, non-empty subsets of
E~°° such that X4 U Xp = E~>° and X4 N Xg = &. Define

Xy ={a_,-aq|la=...ap 10 p...a1 € Xa}.

Since X4 is open, we write it as a union X4 = (J,c; Z(y] of cylinder sets. Since X4 is
also compact, there is a finite ' C I such that Xy =, Z(p]. Put N = max{|u| :
w € F}. For each p € F, we have Z(u] = |J Z(v]. So Z(v] C X4 whenever
for any v € X}.

Since (G, F) is level-transitive and contracting, for each n > N, there exista_,, ...a_;
in X% and g, € N such that g, -a_,---a_1 € Xp. By Lemma [39, there exist
fn € XaNE*(a_p---a_q)and v, € XpNE*(gy-a_,---a_1). Since X4, Xp are com-
pact, there is an increasing sequence (ng)72; of natural numbers such that (i, ), and
(Vn,, )& both converge, say to pi,, — p € X4 and v,, — v € Xp. Since N is finite,
I ~ae Ve SO Gae(ft) = Gae(v) € AN B, a contradiction. Thus J is connected.

Now suppose that (G, F) is not level-transitive. Fix n € N and a € E™ such that
G-a# E". Define A" :=J,cq, Z(d] and B := Uycpn g, Z(U']. Then, A := (A
and B := ¢(B’) are disjoint compact sets in J such that AU B = J. O

veE*uNE™

Corollary 3.20. Suppose that (G, E) is a contracting and recurrent self-similar groupoid
action on a finite directed graph E such that G is finitely generated. Then the limit
space J(a,p) s connected.

Example 3.21. Consider Example 2.2l We claim that the action is contracting with
nucleus N' = {v,w, a,b,a™!,b71}. Indeed, since all elements of the automaton appear
as restrictions, v, w, a,b,a™!, b=t € N. To see that this is everything we compute
(ab)|3 = a|b.3b|3 =0 (ba)|1 = b|a.1a|1 =a
(ab)\4 = a\b.4b\4 = ba (bCL>|2 = b|a.2a\2 =b
and all groupoid elements of length 2 restrict to the nucleus.

The first two Schreier graphs are depicted in Figure 3l More generally, the nth
Schreier graph is a cycle of length 2" with a loop at each vertex, showing that the
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F1GURE 3. The first two Schreier graphs of Example .21l

action is level-transitive. This also suggests that the limit space is homeomorphic to a
circle. One can prove this, by showing inductively that the vertices of the nth Schreier
graph can be mapped to the nth roots of unity on the complex circle, metrised so that
it has circumference 1, in a way that extends the pictures in Figure Specifically,
each vertex is connected in the Schreier graph to its two nearest neighbours on the
circle, and for any infinite path y € E~>° the images of its initial segments, regarded
as vertices of Schreier graphs, on the unit circle converge. The map that sends p to the
limit-point is the desired homeomorphism: it is continuous because it is a contraction;
it is surjective because its image is both dense and compact; and one checks that it is
injective using the final statement of Proposition

1@v¢w33

FIGURE 4. Graph E for Example

Example 3.22. Consider the graph E in Figure .22 and define a self-similar groupoid
through the E-automaton

a-0=2 alp=v b-2=0 bla=v c-2=1 clp=v
a-1=3 aly=a b-3=1 bls=c ¢-3=0 c|3=0.
We claim that this action is contracting with nucleus
N = {v,w,a,b,c, ba,ca,a b ¢t (ba)~t, (ca)~'}.
To see this we note that all elements of the automaton appear as restrictions, so

v,w, a, b, c and their inverses are in the nucleus. That ba and ca are in the nucleus
follow from the computations

(3.3)

(ba)ly = blg1aly =ca and  (ca)| = cls1a]1 = ba.
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F1GURE 5. The first four Schreier graphs of Example [3.22

One can now compute that all groupoid elements of length 3 reduce to one of the
elements of the nucleus after restriction to length 2 words.

The first four Schreier graphs are presented in Figure Bl They suggest that the
action is level-transitive and that the limit-space is homeomorphic to the basilica fractal
(the Julia set of 22 — 1); one can prove this via an argument of the sort outlined in

Example B.2T1
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4. DYNAMICS ON THE LIMIT SPACE

In this section we describe an action of N by locally expansive local homeomorphisms
of the limit space J of a contracting, regular self-similar groupoid action. We will use
this in the next section to construct a Smale space from the self-similar groupoid action.

Let E be a finite directed graph. The shift map o : E~>° — E~>° is defined by
o(...x_3x_ox_1) = ...x_3x_9; that is, o deletes the right-most edge of a left-infinite
path. This ¢ is a local homeomorphism because it restricts to a homeomorphism
o : Z(ue] — Z(p] for any finite path p and any edge e such that s(u) = r(e). The
main result in this section is about self-similar groupoid actions that are reqular in the
following sense, which is based on the regularity condition used by Nekrashevych in
[22].

Definition 4.1 (cf. [22, Definition 6.1]). Let E be a finite directed graph. Let (G, E)
be a self-similar groupoid action. We say that (G, F) is regular if for every g € G and
every y € E* such that g -y = y, there exists p in E* such that y € Z[u), g-p=p
and g1, — s(4).

Remark 4.2. Since, by definition, self-similar groupoid actions are faithful, the regu-
larity condition is equivalent to the condition that if y € E* and g -y = y, then there
is a clopen neighbourhood of y that is pointwise fixed by g.

Our main theorem in this section says that for contracting, regular self-similar
groupoid actions, the shift map induces a locally expanding local homeomorphism

of J.

Theorem 4.3. Let E be a finite directed graph with no sources. Let (G, FE) be a
contracting, reqular self-similar groupoid action with limit space J as in Definition[3.2.
Let o : E=*° — E=%° be the shift map. Then there is a surjective map ¢ : J — J such
that 6 ([z]) = [o(x)] for all x € E=>°. Furthermore, there exists € > 0 such that

(1) whenever dg([z],[y]) < e, we have dg(o([z]),o([y])) = 2ds([z], [y]), and

(2) whenever a < e, we have 6(B([z],a)) = B(d([z]), 2c).
In particular, 6 is a locally expanding local homeomorphism.

Before proving the theorem, we need to establish some preliminary results. To get
started, observe that if x ~,, y, then there is a sequence (g,)n<o € N such that
Gn Ty ... T_1 =Yyp...y_q for all n, and it follows that g, 1 - o(x),...0(x)_1 = gn_1 -
Tp1-To=Yp1---Y2=0Y)n...0(y)_1. That is,

(4.1) T e Y = 0(T) ~ae 0(Y).
Therefore, there exists a map ¢ : J — J as described in Theorem (4.3

Lemma 4.4. Let E be a finite directed graph with no sources. Let (G, E) be a regular
self-similar groupoid action. For any finite set F' C G, there exists k € N such that for
all g, h € F such that d(g) = d(h) and all p € d(g)E* with |u| >k, if g- = h-p, then
g|u = h|u'

Proof. Fix g,h € F.

For each y € E* satisfies g-y = h-y, we have h~'g-y = y, and so regularity implies
that there exists A\, € E* such that y € Z[\,) and (h™'g)[», = s(\,). For each x € E*
such that g -z # h -z, we have h™lg -z # z, and so there exists A\, € E* such that
r € Z[\,) and (h7'g) - Ay # s

Since E* = |J,cp~ Z[A;) and since £ is compact, there exists a finite X' C E*
such that £ = (J,.x Z[X2). Let kgp := max{|\,| : € K}. Suppose that p € E*
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with |p| > kg, and that g-pu = h-p. Since E has no sources we have Z[u) # (). Since the
Z[Az) cover E°° we have Z[u) N Z[\,) # @ for some x € K. Since |u| > |\,], it follows
that pu = A\ for some p/ in E*. Since g-pu = h-pu, we have g- A\, = h-\, and therefore
h=tg-A, = A.. By the choice of \,, we have h™lg-x = x and (h"1g)|\, = s()\,). Hence
(h71g) | = (B~ 9)lase = 5Ol = 5(4") = (). Hence gl = h,.

We have now proved that for each g, h € F with d(g) = d(h), there exists k,, € N
such that whenever u € d(g)E*s» satisfies g - u = h - pu, we have g|, = hl,. So
k = maxy her kg n has the required property. 0]

Our next result is essentially a version of Theorem in which the metric balls
and e-approximations are replaced by conditions in terms of the basic open sets from
Corollary B.101 We will bootstrap from this result to prove Theorem

Proposition 4.5. Let E be a finite directed graph with no sources. If (G, E) is a
contracting and reqular self-similar group action, then

(1) for each z € J, o maps q~'(z) bijectively onto ¢~ *(5(2));

(2) there exists k € N such that for every n > k+ 1 and every p € E™, the map &
restricts to a bijection of U, onto Uy, and

(3) for every n >k, every w € E™, every w € U, and every z € 6 Y(w), there
exists p € E" such that z € U, and o(p) = w.

In particular, ¢ is a local homeomorphism.

Proof. Applying Lemma 4] to the finite set F' = N2 UN U E° yields k € N such that
for all ny,ne € F, if p € E* with |u| > k satisfies ny - p = ny - p, then nq|, = no,. We
fix k with this property for the remainder of the proof.

(1) Since oo = dogq, if g(xr) = z then ¢(o(x)) = (¢(x)) = (2), and so
o(qg71(2)) € ¢7'(6(2)). So we must prove the reverse inclusion. Suppose that ¢(z) = 2
and y' ~u o(z). Let (gn)nen be a sequence in N such that d(g,) = r(z_,_1) and
Gn T 1Tp..Tog =y y" ..y~ for every n € N. By the choice of k, for all n,n" >
k, it follows that gnle_, 12 p.zs = Gn'le_ o wor Let 2 = (Gkla 1o pozs) T
and 2’ = y'2’ |, and let ¢/, = gklo_, 1o r.w ., for n < k, and g, = g,—1 for n > k.
Then g), 2@ _py1..0—y = 22" ,..2" forevery n € N. So, x ~, 2’ and o(2') = /.
Therefore, 0(¢7'(2)) = ¢ 1(5(2)).

Suppose that 2/,2” € ¢q71(z) satisfy o(2”) = o(2') = 3. Since 2/ ~ue T ~pe ",
there exists g in A such that g -2’ , 2" ,..2" | =2", 2”,..2”,. By the choice of k
and since 2’2’ .2, =2 2", 2, we have gl . ar, = s(2l,). Hence
) = (9|z/_k_1x’_k...r/_2) -’ = x_;. Therefore, 2’ = x”.

(2) Fix p € E* with |u| > k and w € U,(,). For each y € ¢ '(w), there exists
g € N such that y € Z[g-o(n)). By the choice of k, the element g|,(, does not
depend on the choice of g. So there is a unique map ¢ : q_l(Ua(M)) — E7°° such that
5(y) = y((glogy) - p—1) for any g € N such that y € Z[g- o(p)). We claim that ¢

descends to a map d : Uy(,y — U, that is an inverse for c~r|UH.

For this, suppose that y,3’ € ¢ '(w) are asymptotically equivalent. Fix g € N
such that y € Z(g - o(u)] and ¢ € N such that ¥ € Z(¢' - o(p)]. Then x = d(y)
satisfies * = y((go(u) - #-1) € Z(g - p]. By (1) there is a unique element 2’ € E~>°

such that 2/ ~ z and o(2/) = y'. Since x ~, 2/, there exists h € N such that

he(@opor---wog) =alqaly---aly. Hence (hg)-o(p) =l 2l ---aly=g"o(n).

Since hg,g’ € F, by the choice of k we have (hg)|o() = ¢'|s(n) and we deduce that
2"y = ((h9)|o@w) - 1—1 = (¢lo(w)) - f1—1. By definition, we have §(y') = y'(¢'|o(u)) - =1 =
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y'z_y, and since (') = y' by definition of 2/, we deduce that 6(y’) = o(2')2l, = 2"
S0 6(y) = &' ~ae = = 8(y), and it follows that § descends to a map ¢ : Us(y = J .

To see that 6(Uyq) C U, fix y € ¢"'(w) and let © = §(y). We must show that
(2] € Uyenn Z2(v]. Fix 2’ € [z], and let y' = o(z). Applying the argument of the
preceding paragraph we obtain 2/ = §(y’) € Z((]¢' - ) for some ¢ € N as required.

It remains to show that ¢ is an inverse for dly,. By construction, od(y) = y for
y € ¢ (Us(y), so 56(q(y)) = q(y). Therefore, 56 = idy, -

We now show that 66 = idy,. If ¢7'(2) C Ugenrdtgy=ru 219 - 1), then g o(2)) =

o(q7(2)) € o(Uyenaigy=r( 219 - 1)) = Ugenraigr=r(oquy) Z19 - o(1)). Hence, 6(U,) C
Us(uy, so the composites 06 and do are well defined on U, and ¢~'(U,) respectively.
We have §(y) = y(glo(u) - =1 for y € ¢ (Up(y) N Z[g - 0(p)), and so do(z) = x for x
in ¢~'(U,) N Z[g - p). Hence, 65(q(x)) = q(x) for x € ¢~'(U,). Therefore, 65 = idy,,
and we have shown ¢ maps U, bijectively onto Uy,

(3) Fix w € E* with |w| > k and w € U,, and fix z € ¢ *(w). Choose z,y € B~
such that ¢(z) = 2z, ¢(y) = w, and o(z) = y. Then there exists g € Gr(w) such that
y € Zlg-w). Smce o(x) =y, it follows that z_, 12_,. oy = = (g -w)xr_;. We have
d((gl.)™") = c(gl) = s(g-w) = r(z-1). Let f = (glo)™" -2y and g = wf. Then
z € Z(g-p) and o(p) = w, and the map 6 : ¢ (Uy(y)) — ¢ ' (U,) constructed in the
proof of (2) satisfies 6(y) = x. Hence z = ¢(z) € U,. O

To establish Condition (2) in Theorem [4.3] we will use the following technical lemma,
which we will need again in the proof of Lemma [8.6]

Lemma 4.6. Resume the hypotheses of Theorem [{.3 Suppose that € > 0 satisfies
Condition (1) of that theorem. Then there exist n < & and n € N such that

(1) for every w € J, and a < n, there exists w € E* such that |w| > n — 1 and
B(w,2a) C U,,; and

(2) for every u € E* with |pu| > n, the map & restricts to a homeomorphism of
U, onto Uy, and z'fg denotes its inverse, then for all z € U, and all « < 1
such that B(6(z),2a) C Uy, we have B(z,a) C Uy, and b restricts to a
homeomorphism of B(&(z),2a) onto B(z, a).

Proof. For p,w € E* such that s(u) = r(w), we have U,, C U,, and for any infinite
path z € E=, we have (), cyUs_,..., = [7]. Hence lim, o sup,cp. diam(U,) = 0.
Let k be as in Proposition .5(2), and fix n > k so that diam(U,) < € whenever |u| > n.
Using compactness of J, fix K C |J,,-,_; £™ such that J C (J,cx Us- The Lebesgue
Number Lemma yields 0 < 1 < ¢ such that for every w in J, there exist w € K such
that B(w,2n) C U,. These values of n,n satisfy (1) by construction, so we just have
to establish (2).

For this, let p be a path such that || > n. Since n > k, by Proposition 4.5(2), &
maps U, homeomorphically onto U, (. Suppose that B(5(z),2a) C Uy, for z € U,
and a < 7. By hypothesis, ¢ satisfies Theorem E3|(1), and so since diam(U,) < ¢, we
have B B B B

2d7(8(62),0(w)) =ds(60(62),06(w)) =ds(62,w)
whenever d;(5z,w) < 2a. Hence, 6(B(62,2a)) C B(z,a) NU,, so that B(5z,2a) C
(B(z,a) NU,). Since « < n < €, another application of Theorem E.3(1) implies
that & restricts to a homeomorphism of B(z,«), and that Er(B(z,oz)) C B(6(2),2a).
Therefore, B(z,)NU, = B(z, @), and 6(B(z, a)) = B(d(z),2a). Hence, B(z, a) C Uy,
so that 0 o 5p (s,a) is well defined, and 0(B(5(2),2a)) = 06(B(z,a)) = B(z, ). O



20 BROWNLOWE, BUSS, GONCALVES, HUME, SIMS, AND WHITTAKER

Now we prove the main result of this section. For the following proof, given x,y €
E=°° a chain from z to y is a pair (P, Q) of finite sequences P = (p;)*_, and Q = (¢;)%_,
in £~°° such that py =z, ¢z = y, and ¢; ~ae piyy forall 1 <i <k —1.

Proof of Theorem[{.3. Since E has no sources, o, and hence also ¢ is surjective.

Let R := {(x1,22) € E7%° X E=° | &1 ~y X2} so that 0*R = {(z1,22) € B~ X
E=° | 0(x1) ~ae o(x2)}. By Proposition 5(2),  is a local injection, so R is an open
subspace of 0*R. Therefore, c*R \ R is a compact set. It follows that there exists
&' > 0 such that d(z,y) > € for all (z,y) € 0*R\ R. Let ¢ := min{g, 1}.

We first show that this ¢ satisfies (1).

Fix z,y € E~ such that d(z,y) < e. We must show that d;(&([z]),5([y])) =
2dj(x7 y)

We first show that ds(o(x),0(y)) < 2d7(x,y). To see this, it suffices to show that
dg(o(z),0(y)) < 2d7(x,y) + 2n for all n < e — ds(z,y). So fix n < e — ds(z,y).
Let (P,Q) be a chain from z to y such that Zf:o d(pi,q;) < dg(z,y) + €. Consider

the chain (o(P),0(Q)) from o(z) to o(y). Since d(p;,q;) < dg(z,y) +e < B < 3,

we have d(o(p;),0(a;)) = 2d(p,q;)- Hence, dy(o(x),0(y)) < Yo d(o(pi) o(a:)) <
2d 7(z,y) + 2¢, proving the claim.

Now we show that d7(o(z),0(y)) > 2d7(z,y). Fix 0 < n < e—dz(z,y); it suffices to
show that d7(o(x),0(y))+n > 2d7(x,y). Let (P’, Q") be a chain from o(z) to o(y) such
that 320 d(p}, 4f) < dg(o(2), o(y)) + 2n. Since dy(ph, gj) < 5, we have s(pp) = s(qp).
Hence so py := z and ¢y := ¢jx_; are paths in £~ with d(po, q) = %d(p'o,qé). By
Proposition L5[(1), there exists a path p; ~.. qo such that o(p;) = p|. Again, since
d(py,q1) < 50 @1 = qi(p1)-1 is a path, and d(p1,¢1) = 3d(p}, ¢1). Proceeding this way,
we obtain a chain (P, Q) from z to a path g, such that (c(P),c(Q)) = (P, Q') and
Z?:o dg(pi,q;) = % Z?:o dg (P}, q;)-

We claim that ¢, = y. Since d(x,qx) < € and d(x,y) < ¢, the triangle inequality
implies that d7(y, qr) < €. Since £’ is the lower bound of d7 on ¢*R\ R and (y, qx) €
0*R, we have q; ~a y. Proposition [LH(1) implies thato : ¢ 1 (q(y)) — ¢ *(q(o(y)) is
a bijection. So since gy ~q vy and o(qy) = o(y) we have g, = y as claimed.

It follows that (P, Q) is a chain from z to y and 2ds(x,y) < 22?20 d7(pi,qi) =
Yo ds (9} dl) < dg(o(x), o(y)) +n as required.

(2) By Lemma [6(1), for any z € J and a < ¢, there exists w € E* with |w| >
n — 1 and B(6(z),2a) C U,. By Proposition 5(3), there exists f € E' such that
s(w) =r(f) and z € U,y. Lemma [06(2) then gives B(z,a) C U, and ¢(B(z,a)) =
56(B(6(2),20)) = B(6(2), 2a). O

To finish this section, we will show that for strongly-connected graphs, the regularity
hypothesis is necessary in the preceding result (we will need to restrict to strongly-
connected graphs later in order to apply Kaminker, Putnam and Whittaker’s results
about K K-duality for C*-algebras associated to Smale spaces). Recall that a directed
graph E is strongly connected if it has at least one edge, and if for all v,w € E° the
set v E*w is nonempty.

Lemma 4.7. Let E be a finite directed graph with no sources. Let (G, FE) be a con-
tracting self-similar groupoid action with nucleus N'. Then there exists € E* such
that whenever g € N satisfies d(g) = r(p) and g - p = p, we have g - pv = pv for all v
in s(u)E*.
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Proof. Suppose first that there is # € E* such that g -2 # z for all g € N\ E°
satisfying d(g) = r(x). Choose n € N so that ¢ - z...x,, # ...z, for all g in N\ EY
satisfying d(g) = r(x). Then u = x;...z,, has the desired property.

Now suppose that for every = € E>, there exists g € N'\ E° such that d(g) = r(x)
and g-z = . Then, J,cpn po{z € d(9)E> : g-x = x} = E>. Since a finite intersection
of open dense sets is itself an open dense set, there exists x € E* that does not belong
to the boundary of {z € d(¢g)E>~ : g-x = x} for any g € N\ E°. So, there isann € N
such that for all g in N\ EY with d(g) = r(z), either g - z1...x, # x1..0, T g-y =y
for all y in Z|x;...x,). Hence, u = z1...x,, has the desired property. ([l

Proposition 4.8. Let E be a strongly connected finite directed graph. Let (G, E) be
a contracting self-similar groupoid action with nucleus N'. If & : J — J is a local
homeomorphism, then (G, E) is reqular. Hence, (G, E) is reqular if and only if & is a
local homeomorphism

Proof. Suppose that (G, E) is not regular. It suffices to show that there exists k € N
such that 6% is not locally injective. Since (G, E) is not regular, there exist z € E*
and g € G such that g -z = x but g fixes no neighbourhood of x. So there is a strictly
increasing sequence (n;) in N and paths a; € s(z,,)E* such that g-z;...2,,05 #
T1...7,,;. In particular, the elements h; := g, ., satisfy h; - a; # «; for all j. By
Lemma 34 we have h; € N for large j. Since N is finite, by passing to a subsequence,
we can assume that h; = hy =: h for all j (and hence s(x,,) = d(h) for all j). So
a:=a; € d(h)E* satisfies h- a # «; let f:=h - a.

For each j, fix y; € Z(x1...2,,] € E7°. Since £~ is compact, by passing to a
subsequence, we can assume that y; — y € E~°. Since s(y;) = s(zy,;) = d(h) for all j,
we have s(y) = d(h), so ya,yB € E~>°. By definition of convergence in E~>°, for each
N € N there exists j such that y_n ...y 1 = Zn; nNy1...2s;. For this j, the element
gN = g\xl___xnj_NH satisfies gy - y_n ... Y10 = y_n...y_15. Hence yo ~pe ys. That
is, Y] = [ys] € J. Moreover, k := |a| = |5 satisfies 6([ya]) = [y] = a([yH]).

By Lemma A7, there exists u € E* such that every ¢ € N that satisfies g - u =
pointwise fixes Z[u). Fix z € Z(r(u)] so that zu € E~>°. Since E is strongly con-
nected, for each n € N there exists v, € E* such that r(v,) = s(u) and s(v,) = r(yn).
So for each n we obtain elements zuv,y, ...y_1a and zpv,y, ...y_18 of E~*°. Since
a # f3, our choice of u ensures that g« pvpyn ... y—1Q # ppyn . ..y_153 for all g € N,
and so Lemma shows that zpvpy, ... y—100 ae 2uVYy, ... y—1B for all n. We
have zuv,yy, ... y_1a — ya and zpvpy, ... y_18 — ys, and 7 ([zuvpyn .. y_1a]) =
(21t - . y_1] = 5 ([zuvnyn - . .y_13]) for all n, and therefore " is not locally injec-
tive. 0

5. THE SMALE SPACE OF A SELF-SIMILAR GROUPOID ACTION ON A GRAPH

In this section we describe the Wieler Smale space that arises from the locally ex-
panding dynamics described in the preceding section, and show that this Smale space
can be realised as the quotient of E% by the natural extension of asymptotic equiva-
lence.

We first recall Wieler’s axioms, under which the projective limit of a space V' under
iterates of a given continuous surjection V' — V becomes a Smale space with totally
disconnected stable set. Wieler proves more, showing that every Smale space with
totally disconnected stable set has this form, but we will not need the full power of her
theorem.
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For the statement of Wieler’s Theorem, recall that if ¢ : X — X is a continuous
self-mapping of a topological space, then l&l(X ,g) is the space
l'&n(X,g) ={(xn)02, | x; € X and g(x;11) = x; for all i}.

If : X — X is a continuous self-mapping of a topological space, we say that a point
x € X is non-wandering if for every neighbourhood U of = there exists n > 1 such that
¢"(U) NU # @. Finally, recall that the forward orbit of x € X is {¢"(z) | n > 0}.

Theorem 5.1 (Wieler [31, Theorem A]). Let (X, d) be a compact metric space, and
let ¢ : X — X be a continuous surjection. Suppose that there exist € > 0, K € N\ {0},
and v € (0,1) such that

Axiom 1: For all x,y € X such that d(z,y) < €, we have

d(™ (), " (y)) <A™ d(¢*" (2), 9" (y))-
Axiom 2: Forallz € X and 0 < a < ¢,

¢ (B(¢p" (), @) € ¢**(B(z,7a)).
Then

meN

K
d00<<xn>7 (yn)) = Z fyin Sllp ’de(l’erm ym+n>7
n=1

defines a metric on Xy := le(X, ©), the formula

Voo (T1, T2, ... ) = (p(x1), 21,22, . ..)
defines a homeomorphism ps : Xoo = Xoo, and (Xoo, Poo) 1S a Smale space with totally
disconnected stable set. This Smale space is irreducible if and only if every point in X
is nonwandering, and there is a point in X whose forward orbit under ¢, is dense.

The key point for us is that the results of the preceding two sections show that
every contracting, regular self-similar groupoid action on a finite directed graph with
no sources gives rise to a dynamical system satisfying Wieler’s axioms.

Lemma 5.2. Let E be a finite directed graph with no sources. Let (G, FE) be a con-
tracting, reqular self-similar groupoid action. Let [J be the limit space of Definition[3.2,
let d7 be the equivalence relation metric as in Corollary [313, and let & be the local
homeomorphism of Theorem[4.3 Let € be as in the statement of Theorem[{.5 Then
the pair (J,6) satisfies Wieler’s azioms fory =3, K =1 and &' = .

Proof. Theorem [4.3] (1) shows that if d7([z], [y]) < & then
dg (5" ([z]), " ([y])) = dz (5 ([=]), 5([y])
= %dj(52([x])752([y])) =vdg (5 ([2]),5*" ([y))),

establishing Axiom 1.
Theorem E3[(2) shows that 625 (B([z], va)) = ¢%(B(¢%([x]),a)) for all a < &' and
[z] € J, establishing Axiom 2. O

We now identify the limit space J., obtained from Theorem [5.]] applied to (7, &)
with a quotient of the bi-infinite path space of F.

We define asymptotic equivalence on bi-infinite paths just as we define it for right-
infinite paths. That is, if (G, F) is a self-similar groupoid action and z,y € EZ, then
T ~ye y if there exists a bi-infinite sequence (g, )nez in G such that {g, | n € Z} is a
finite set, and such that g, - £, T 1Tni2 - = YnYni1Ynio - .. for all n € Z.
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The argument of Lemma shows that z,y € EZ are asymptotically equiva-
lent if and only if there is a sequence (g,)nez in N such that g, - T, Tpi1Tpio- - =
YnYn+1Ynia - - - for all n and such that g,|., = gn41 for all n.

Definition 5.3. Let E be a finite directed graph with no sources. Let (G, E) be a
contracting, self-similar groupoid action. We write S for the quotient space EZ/~,,
and call this the limit solenoid of (G, E).

We will need the following notation. Given a directed graph E with no sinks or
sources, we will write 7 : EZ — EZ for the translation homeomorphism 7(x),, = z,_1,
n € Z. Forn € Z and x € E~>° we will write z(—oo,n) for the element of £~ given
by z(—00,n) = ... Ty 2Ty 1Tp.

Proposition 5.4. Let E be a finite directed graph with no sinks or sources. Let (G, E)
be a contracting, self-similar groupoid action. Let J be the limit space of (G, E), and
let ¢ : J — J be the map defined as in Theorem [{.3 Let Jy = Um(J,5), and
let 000 * Joo — T be the homeomorphism of defined as in Theorem [5.1. Let S =
EZ )~ be the limit solenoid of (G, E). Then there is a homeomorphism 0 : S — Ju
such that 0([z]) = ([x(—o00, —1)], [#(—00,0)], [x(—00, 1)],...) for all x € E*. We have
0([7(2)]) = 6 (0([2])) for all x € EZ.

Proof. If x,y € E% satisfy  ~, y, then x(—00,n) ~a y(—oo,n) for all n € Z.
So the formula 6([z]) = ([z(—o0, —1)], [x(—00,0)], [£(—00,1)],...) is well defined and
determines a map 0 : S — [[°2, J. By definition of &, we have &([z(—o0,n)]) =
[0(z(—00,n))] = [£(—00,n — 1)] for all n, and so each 6([z]) € Jw.

Since E? is compact, so is its continuous image S. Projective limits of Hausdorff
spaces are Hausdorff, so J, is Hausdorff. So, to see that 6 is a homeomorphism, it
suffices to show that it a continuous bijection.

The maps EZ 3 z +— x(—o0,n) indexed by n € Z are clearly continuous, and so
the maps = +— [z(—o00,n)| are also continuous because the quotient map from E~>°
to J is continuous. Hence () := ([#(—o00, —1)], [#(—00,0)], [z(—00,1)],...) defines a
continuous map 6 : EZ — J... Since 0 : S — J. is the map induced by 6, it is also
continuous.

To see that 6 is surjective, fix ({1, (2, s, - .. ) € Jo. Foreach j, choose z; € E~* such
that [z;] = ;. Since each 6((;) = (;—1, we have o(x;) ~,e x;_; for all j. For each j > 1,
consider the sequence (0”77 (z,))5; in E~*°. We just saw that each 0”77 (z,) ~ae 2,
and so Corollary B.7 shows that this sequence contains just finitely many distinct
elements of £~>°. A standard Cantor diagonal argument yields a subsequence (x,)

such that (a"k_j <x"k))nk2j is a constant sequence for each j. Define y € E% by y; =
limy, 6™ (z,,). By construction, o(y;) = y;_1 for all j. Also, by construction, each
yY(—00,n) ~ae 2, and so O([y]) = (C1, G2, G5, - - )

To show that 6 is injective, suppose that 6([z]) = 0([y]). We must show that x ~,e y.
For this, fix m € Z. It suffices to find g € N such that g - x(m, 00) = y(m, o). Since
0([z]) = 0([y]), we have z(—00,n) ~a y(—o00,n) for all n. Fix n > m. Lemma B.6]
shows that there is a sequence (gx.n)r<n in N such that g,z ...2, = Yk ...y, for all
k. Taking k = m < n, we obtain g,, := gmn € N, such that g, - T, ... Ty, = Y .. . Yn.
Since N is finite, the sequence (g, )n>m has a constant subsequence. The constant value
g of this subsequence then satisfies g - =, ... 2, = T, . ..y, for infinitely many n > m.
It then follows that g - x(m, c0) = y(m, 0o) as required.
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It remains to check that 0([7(x)]) = 6 (0([z])) for all x € EZ. This follows from
direct calculation: for z € EZ,

0([7(2)]) = ([r(2)(=00, =1)], [r(2) (00, 0)], [7(2)(~00, 1)]; ...)

[x(—00, —2)], [£(—00, —1)], [x(—00,0)], .. )

o ([z(—o00, =1)]), [x(—00, —1)], [2(—00,0)], .. )

= 000 (0([2]))- O

Corollary 5.5. Let E be a finite directed graph with no sinks or sources. Let (G, E) be a
contracting, reqular self-similar groupoid action. Let S := E% |~ be the limit solenoid
of (G, E). Then there is a homeomorphism 7 : S — S such that 7([z]) = [r(x)] for all
x € EZ. Let dy be the quotient metric on J as in Corollary[313. There is a metric
ds on S such that

1 m
ds([z], [y]) = Sup (5)"dg ([x(=00, m)}, [y(=o0,m)])
meNy
for all x,y € EZ. There is a constant es such that (S,ds, T, é€s, %) is a Smale space
with totally disconnected stable set.
If E is strongly connected, then (S, T) is irreducible. If E is primitive, then (S, T) is
topologically mixing.

Proof. Theorem [B.1] shows that (Jw,0) is a Smale space with totally disconnected
stable set, and Proposition [5.4] shows that (S, 7) is conjugate to (Jwo, 0n0). Let doo be
the metric of Theorem 5.1l For z,y € E%, we have

doo (0([2]), 0([y])) = 2 Sup(%)’”dw([ﬂf])mﬂ, O([yD)m+1)-

meN

Since 0([z])ms1 = [#(—00,m)], we have dy, = ds o (0 x #). Hence, there is a constant
es > 0 such that (S,ds, 7, €5, %) is a Smale space.

For the irreducibility, by Wieler’s Theorem it suffices to show that every point in J
is non-wandering and that J admits a dense orbit. To see that every point is non-
wandering, first observe that if x € E~* is periodic, say ¢"(x) = z, then [z] € J
satisfies 6" ([z]) = [0™(x)] = [z], so [z] is also periodic. Since E is strongly connected,
for each A € E*, there exists p in s(A\)E*r()), and then z := (Au)™ is a periodic
point in Z(\). So there is a dense set of periodic points. It follows that the periodic
points in J are dense. So for any [y] € J and any open neighbourhood U of [y], we
can find [x] € U and n > 1 such that 6"([z]) = [z], and so [z] € 6"(U) N U. To see
that J has a dense orbit, let A\, Ay, A3... be a listing of E*. For each ¢ > 1, choose
i € sS(A)E*r(Nit1). Then & = Ay dopg - -+ € E®. For each A\ € E*, we have A = \;
for some i, and then gl*i#a-Ai-ii-il(z) € Z()\). Hence {o"(z) | n € N} is dense E>.
Hence {6"([z]) | n € N} = q({o"(z) | n € N} is a dense forward orbit in 7.

If E is primitive, then 7 : EZ — EZ is topologically mixing, see [I5, Observation
7.2.2]. Since the quotient map ¢ : EZ + S satisfies g o 7 = 7 o ¢ and is surjective, 7
being topologically mixing implies 7 is topologically mixing. 0

6. THE C*-ALGEBRA OF A SELF-SIMILAR GROUPOID ACTION ON A GRAPH

In this section and the next, we will discuss two C*-algebras associated to self-
similar groupoid actions. The first of these is the C*-algebra O(G, E) described by
Laca—Raeburn-Ramagge-Whittaker in [17], see also [16,20,22]. Our main goal is to
provide a groupoid model based on the one developed for self-similar group actions on
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graphs by Exel and Pardo [7]. This is the subject of the present section. In the next
section, we consider the C*-algebra obtained from the Deaconu-Renault groupoid of
the dynamics (J, &) of Section @l Our main result will establish K K-duality between
these two C*-algebras for contracting, regular self-similar actions.

In [I7], the Toeplitz algebra of a self-similar groupoid action is defined as the Toeplitz
algebra of an associated Hilbert module. Then Proposition 4.4 of [I7] provides an
alternative description as the universal C*-algebra for generators and relations. At the
beginning of Section 8 of [17], the Cuntz—Pimsner algebra of the self-similar action is
defined as the quotient of the Toeplitz algebra by the ideal determined by an additional
Cuntz—Krieger-type relation. We follow [17] and define the C*-algebra of a self-similar
action in terms of generators and relations.

If G is a discrete groupoid, then a unitary representation of G is a function g — u,
from G' to a C*-algebra such that ugus = d4(g) c(nyttgn and u,-1 = u; for all g,h € G.
This is equivalent to the definition presented at the start of [I7, Section 4].

If E is a finite directed graph with no sources, and (G, F) is a self-similar groupoid
action, then a covariant representation of (G, E) in a C*-algebra A is a triple (u,p, s)
consisting of a unitary representation u : g — u, of G in A and a Cuntz-Krieger
E-family (p, s) € A such that p, = u, for all v € E°, and such that

UgSe = Sgelly, for all g € G and e € d(g)E".

We have pyug = 0y c(q)ty and ugp, = 0q(g) 0ty because p, = u,. If d(g) # r(e), then
UgSe = UgPd(g)Pr(e)Se = 0. So the relations we have just presented are equivalent to
those of [17, Proposition 4.4] combined with the additional relation determining the
generators of the ideal I described in [I7, Equation (8.1)]. It follows from Propo-
sition 4.4 and the definition of O(G, E) in [I7] that the C*-algebra O(G, E) is the
universal C*-algebra generated by a covariant representation of (G, E).

Our first step is to describe a groupoid model for O(G, E). Our construction is based
on that of [7].

Lemma 6.1. Let E be a finite graph, and let (G, E) be a self-similar groupoid action.
The set

Sap={0}U{(i,9,v) € E* x G x E* | s(u) = c(g) and s(v) = d(g)}

s an inverse semigroup with respect to the multiplication given by

(alg - 1), glwh,v) if p=0p
(aug7ﬁ)<:u7 h’7 V) = (avgh|h—1-6/7lj(h_1 6/)) ZfB:M/BI
0 otherwise.

There is an action of Sg.g on E* such that Dom(u, g,v) = Z[v), and
(u,g,v)-ve=pg-x  forallx € Z[s(v)).

Proof. 1t is routine, though tedious, to check that this multiplication is associative.
For each a := (u, g,v), the element a* := (v, ¢!, u) satisfies aa*a = a and a*aa* = a*.
Direct computation shows that the formula (u,g,v) - v = pg - x defines a homeo-
morphism from Z[v) to Z[u). A routine calculation very similar to the associativity
calculation shows that a - (b z) = (ab) - © whenever both sides are defined. O

Given any action of an inverse semigroup S on a locally compact Hausdorff space
X, we can form the associated groupoid of germs S x X as follows [23], Section 4.3]:
we define an equivalence relation on {(s,z) | s € S,z € Dom(s)} by (s,z) ~ (t,y) if
x =y =: z and there is an idempotent e € S such that z € Dom(e), and se = te.
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The topology has basic open sets W (s, V) := {[s,z] | € V} indexed by pairs (s, V)
consisting of an element s € S and an open set V' C Dom(s). The unit space of this
groupoid is X, and the groupoid operations are given by

s(t,z)) =z, r(tz))=t-z, [tLu-z)fuz]=][tu,z], and [t,2]"' =[t"t- ]

Though this groupoid need not be Hausdorff, it is always étale with Hausdorff unit
space X, and hence locally Hausdorff with a basis of open bisections. The C*-algebra
of this groupoid is the completion of the *-algebra

C(S x X) =span{C.(U) | U is an open bisection}
in a universal norm. A very nice account of this construction can be found in [6].

Definition 6.2. Let E be a finite directed graph, and let (G, E) be a self-similar
groupoid action. The groupoid of (G, E), denoted Sg g X E* is defined to be the
groupoid of germs for the action of Sg r on £ as above.

To establish our duality theorem later, we will describe a groupoid equivalence
between the groupoid Sg g X E* and the stable groupoid of the Smale space con-
structed in Section Bl To do this, it will be helpful first to establish a description
of Sqg g x E* as a kind of lag groupoid. A related description for self-similar group
actions appears in [7, Section 8|, though there the lag takes values in the “sequence
group” [[2, G/ @2, G. We will give yet another description, which is particularly
well suited to our application to K K-duality later. We also characterise exactly when
this groupoid is Hausdorff, by characterising exactly which pairs of elements (if any)
cannot be separated by disjoint open neighbourhoods.

Our groupoid is based on the left-shift map on E* given by x1zox3- -+ +— xom3. ...
In the graph-algebra literature, it is standard to denote this shift map by o, but we
have already used that symbol for the right-shift on £~>°. We will instead use ¢ for
the left-shift map.

Lemma 6.3. Let E be a finite directed graph, and let (G, E) be a self-similar groupoid
action. There 1s an equivalence relation ~ on

{(z,m,g,n,y) € EX X Nx G xNxE*|d(g) =r("(y)) and <™ (x) = g-<"(y)}
such that (x,m,g,n,y) ~ (w,p, h,q, z) if and only if
er=w,y=zandm—n=p-—q, and
e there exists | > max{n, q} such that g|ym = h|.(q0)-
We write [x,m, g,n,y| for the equivalence class of (x,m,g,n,y) under ~. The set
Go.p = {lx,m,g,n,y] | d(g) = r(<"(y)) and <" (z) = g-<"(y)}
is an algebraic groupoid with unit space {[x,0,r(x),0,z] | x € E*} identified with E>°,
range and source maps r([x,m,g,n,y]) = x and s([x,m, g,n,y]) =y, and operations
[z,m, g,n,y]ly.p, h,q, 2] = [z, m + D, glynsphlzqasn)y n + ¢, 2], and
[z, m, g,y = [y,n, 97" m, .
There is an injective homomorphism ¢ of the graph groupoid Gr into Go g given by

(x,m —mn,y) = [z,m,s(xy,), m,y] whenever x,y € E> satisfy <™ (x) = s"(y).

Proof. Reflexivity and symmetry of the relation ~ are clear. For transitivity, suppose

that (x,m,g,n,y) ~ (',m',¢",n',y") and (', m/, ¢, n',y') ~ (2", m”,g",n",y"). Then
r=2'=2"y=9y =y "andm—n=m'—n"=m" —n”. Choose | > n,n’ and
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' > n',n" with glymy = ¢y and ¢'lyerry = 9"y, and put L = max{l,l'}.
Then L > n,n”, and we have

9lymnr) = (9lywn) lvar) = ('lyow ) 0y = 9'lvew )
= (¢'lye) vy = (9" L) lyw.y = 9" |y .1)-
To show that G g is a groupoid, we first check that if [z, m, g, n,y] and [y, p, h, g, 2]
belong to G g, then so does [z, m +p, gly@m,n+p)hls(g.q+n): 7+ ¢; 2]. For this, just check:
(9lymn+p) (Plaggrny) - S (2) = (glymnrp) - <" (R - <1(2))
= (9lytmnip) - P (y) =g - <" () = P (@)
The range and source maps are well-defined by definition. We must check that multi-
plication is well-defined. First suppose that [z, m,g,n,y] = [2/,m/, ¢, n',y]; so v = 2/,
y =1y and m —n =m' —n’, and there exists [ > n,n’ such that g|yu1) = ¢'|yov). Fix
ly,p, h,q, 2] € Ggp. We must show that
[l’, m + D, g|y(n,n+p)h|2(q7q+n)’ n -+ q, Z] = ["L‘a m, + D, gl|y(n/,n/+p)h|z(q,q+n/); ’I’L, + q, Z]
We have m +p — (m' +p) =n+q— (n' + ¢). We will show that

(9lymamrpPlz(agrm) legrnary = (9'lye mrp)Pl2(ggn)) =g nr g ) -
We have

(g|y(n7n+p)h|2(q,q+n)) |Z(q+n,q+l) = ((g|y(n,n+p)) |h\z(q,q+n)~Z(q+n,q+l)) h|Z(q,q+l) )

and similarly
(gl|y(n/,n/+p) h|z(q,q+n’)) |z(q+n/,q+l) = ((gl|y(n’,n’+p) ) |h|z(q7q+n/) -z(q+n/,q+l)) h|z(q,q+l) .

So we need to check that (g\y(nmﬂ,))|h‘z(q7q+n).z(q+n,q+l) = (g'\y(n/m/ﬂ))\h|z(q’q+n/)_Z(q+n/7q+l).
For this, we observe that h|.(qq+n) - 2(¢ +1,q+ 1) = (h-<9(2))(n, 1), which is equal to
P (y)(n,1) because [y, p,h,q,2] € Ggp. Hence

(9lymtp) bl gin 2@ttty = Glymnip) lymipir) = Glymi) ly@irp) = (0 lym )y
= (0 lyo m+9) Ly +pip) = (Gl 10 B g gty 2at00+)

as required. A very similar calculation shows that if [y, p, h,q, z] = [¢/,p', I/, ¢, 2'] and
["L‘a m,p,n, y] S gG’,E, then

[xa m—+p, g|y(n,n+p)h|z(q,q+n)a n+q, Z] = [xa m+ p/’ g|y(n,n+p/)h/|z(q/,q/+n)a n + q/’ Z],

so multiplication in G¢ g is well-defined. It is routine that [z, 0, r(x), 0, z|[z, m, g,n,y| =
[z,m,g,n,y] = [x,m,g,n,y]ly,0,r(y),0,y] for all [x,m,g,n,y] € Gg g, so that Go g
admits units.

We have

1

[$a m,g,n, y] [ya n, g_ , M, l‘] = [$a m + n, g|y(n,2n)g_1|m(m,m+n)a m + n, l‘]

We calculate:

_ _ _ —1
9 ammin) = 9 em@om) = 97 g-cnwom) = (glerwom)) -

So [z, m + 1, glym2n 9 e@mmen), M+, 2] = [z,m + n,r(z),m + n,z]. We now have
that (x,p,r(x),p,x) ~ (x,q,7(x),q,z) for all z, p, ¢, and we deduce that [y, n, g, m, ]
is an inverse for [x, m, g, n, y]. Associativity of the multiplication described follows from
straightforward calculations like those above, and we deduce that Gg g is a groupoid.
Using the definition of ~, we see that [z, m,r(x),n,y] ~ [2',m', r(z"),n’,y'] if and only
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ifex=2ao,y=y and m—n=m'—n', and it follows that (x,m —n,y) = [x,m, e, n,y]
defines a groupoid homomorphism Gg — G¢ g, which is injective by definition of ~. [

We now describe an algebraic isomorphism of S¢ g x £° onto the groupoid G g of
Lemma [6.3] and use it to define an étale topology on Gg g.

Lemma 6.4. Let E be a finite directed graph, and let (G, E) be a self-similar groupoid
action. Let Gg g be the groupoid of Lemmal6.3, and let Sg g x E> be the groupoid of
germs described in Definition[6.2. There is an algebraic isomorphism ¢ : Sg p X E* —

Go.p such that Y([(u, g,v),vz]) = [u(g - ),|ul, g, [v],va] for all (n,g,v) in Sc.p and
x € Z[s(v)). The sets

Z(p,g,v) = A{lulg-y),lul, g, vl vyl | y € Z[s(v))}

indezed by triples (u,g,v) € E* x G x E* such that s(u) = g - s(v) constitute a basis
of compact open sets for a locally Hausdorff topology on Gg g on which the range and
source maps are homeomorphisms. Under this topology, Ga g is an étale groupoid.

Proof. Define
(1, g.v),v2) | (1,9,v) € Spg,a € s(V)E¥} — Ga,
by ¥°(((. g,v)

6.1)  [(,g,v),va] =[(a,h,B), By] <= ¥°((n,g,v),vz) =4 ((a,h, B), By).

For this, first suppose that [(u, g, V), vz] = [(a, h, 8), By]. Then vz = Py, and there is an
idempotent (A, e, A) of Sg g such that x € Z[\) and (u, g,v)(A\, e, A) = (a, h, B) (A, e, ).
Without loss of generality, we may assume that A = x(0,n) with n > |v|,|3].
A= = BB Since (A, e,\) = (A e, \)(N\,e,\) = (A €2 \), we have €2 = e, so
e = s(A). Hence

(19 gl /) = (1. 9.0) (N N) = (0, b, H)(N e, N) = (ah - 5. bl ).

In particular, glwa)u,x) = gl = hlg = Aliay)ar - Also, plg - ) = (g - v)glv -
() = a(h - )y - (y) = a(h - y). Hence

vz)) = [ug -z, |ul, g, |v|, va]. We claim that

O (1, 9, ), va) = (g - ), |ul, g, V], val
= (g - 2), |u] + 1V, glwa)qul w4 V] + V], vl
= [a(h-y), lal + 18], Blsyasrisiisn, 181+ 161, BY]
=9 ((v, b, ), By).

Conversely suppose that ¢° ((u,g, v), I/:L‘) = wo((a, h,B), 5?/) Then |p| — |v] = [af =
8|, va = By, pg-x = ah-y, and there exists [ > |v|, | 3| such that g|,0i—u)) = Ply0,-18)-

Let e = s(yi—5) = s(@i—}»|). Then
(a, b, B)(By(0, 1 — |5|) , By(0,1—151))

= (ah - y(0,1—|B), hly,-1a, (By)(0,1))

= (ng - (0,1 = [v]), glaoa-p)), (v2)(0,1))

= (1,9, )(VIE(U L= v]),e,ve(0,1 —|v])).
Since vz(0,1 — |v|) = (vx)(0,1) = (By)(0,1) = By(0,1 — |5]), we obtain

(a, h, B)(By(0,1—[B]), e, By (0,1 = |B])) = (1, 9. v)(By(0,1 = [B]), e, By (0,1 — |B])).

Hence [(, g,v),vz] = [(a, h, ), By]. This completes the proof of (G.1I).
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It follows that ¢° descends to an injective map ¢ : Sg.g X E* — Gg g. To see that
Y is surjective, fix [z,m, g,n,y] € Ga g, let z :=¢"(y), v = y(0,n) and p = z(0,m),
and observe that [z, m,g,n,y] = [ug - 2, 1], 9, |v|, vz] = ¥([(1, g,v),vz]). Tt is routine
to check that ¢ is multiplicative, and hence an algebraic isomorphism of groupoids as
claimed.

For (i, g,v) with s(u) = ¢ - s(v) and an open set U C Z[v) in E*, let

Z(p, g,v,U) == Alpg -z, |pl, g, |v],va] | ve € U}

Proposition 4.14 of [6] combined with the algebraic isomorphism ¢ above shows that
the sets Z(p,g,v,U) are a basis for a topology on Gg g under which it becomes a
topological groupoid. If [ug - =, ||, g, |v|,ve] is in Z(u,g,v,U), then by definition of
the topology on E* there exists n € N for which v/ := z(0,n) is a path such that
vae € Z[vv') C U. Then, we have

[,ug'rv ‘:u|7g7 ‘I/‘,I/ZL’] S Z(:ug V/7g‘,/,1/l//) = Z(M,g,%Z(l//)) - Z(M,g,y, U)
So the Z(u,g,v) are a basis for the same topology as the Z(u,g,v,U). Now Propo-
sition 4.15 of [6] shows that the range and source maps restrict to homeomorphisms
r: Z(u,g,v) = Zlp) and s : Z(u,g,v) — Z[v). Since the Z[v) are compact and
Hausdorff, we deduce that the Z(u,g,v) are also compact and Hausdorff. It follows
that Gg g is locally Hausdorff and étale as claimed. O

We now show that the C*-algebra of the groupoid G g just constructed coincides
with the C*-algebra of the self-similar action (G, E).

Note that for each p € E* and g € G with ¢(g) = s(u), we have (u,g,d(g)) € Sk,
and Dom((u, g,d(g))) = Z[d(g)). Hence W ((1, g,d(g)), Z|\)) is a compact open subset
of Sg. g X E* for each \ € d(g)E*.

Proposition 6.5. Let E be a finite directed graph with no sources, and let (G, E) be a
self-similar groupoid action. Let Gg g be the groupoid described in Lemmas[6.3 and[6.4)
There is an isomorphism m : O(G, E) — C*(Ga,p) such that w(ug) = 1z(c(g),g,d(g)) @Nd
T(5e) = Lz(e,s(e).5e)) for all g € G and e € E'.

Proof. By Lemmal6.4] it suffices to construct an isomorphism 7 : O(G, E) — C*(Sg g X
E>) such that each 7(ug) = Lw ((c(g),9.d(9)),2[d(g)))» A €ach T(se) = Ly ((e,s(e),s(e)).Z[s(e)))-
For g € G, e € E' and v € E°, define

Ug = 1w ((c(g).9.d(9)),21d(g)))>  Oe = lw((ese)s(en.ziste))),  and Py = lw(www),zp)-

Elementary calculations using the definition of multiplication in S g shows that (U, P, S)
is a covariant representation of (G, E) € C*(Sgg x E*). It follows that there is a
homomorphism 7 : O(G, E) — C*(Sg.g x E*) satisfying the given formulas. For
each A\ € E* write A = AMAy... )\, as a concatenation of edges, and then define
S)\ = S)\l c. S)\n. Then

1Z[>\) = S)\S;z € W(O(G, E))
Since the Z[\) constitute a basis for the topology on E*, it follows that Cy(E>) C
m(O(G, E)). If V is a compact open bisection in Sg g X E*, we can write it as a finite
disjoint union of bisections of the form W ((u, g,v), Z[va)). We have

LW (ug,0),21v0)) = LW ((ng-aglawa) Z[s(2) = Sug-alUglaSa € T(O(G, E)),

and we deduce that the indicator function of each compact open bisection belongs to
the range of m. For each compact open bisection V', indicator functions of this form
linearly span a dense sub-algebra of C.(V'). It follows that 7 is surjective.
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It remains to show that 7 is injective. To do this, it suffices to construct a right in-
verse p : C*(Sg ex E*) — O(G, E) for . Observe that since Sg g x £ is the groupoid
of germs of the action 6 of the inverse semigroup Sg g on E*, [0, Theorem 8.5] shows
that C*(Sg.g X E™) is universal for representations, as defined in [0, Definition 8.1]
of (0,5¢ .k, E). Since the s, and p, constitute a Cuntz—Krieger E-family in O(G, E),
there is a homomorphism py : Co(E>) — O(G, E) such that py(1z}y)) = sys for each
A. For each (i, g,v) € Sg g define S, 4.,y := suugs;. If A = vA' then the relations in
O(G, E) give

* _ * * * *
S(MvgvV)pO(1Z[>‘))S(u,g,l/) = SpulUgS,S25\SyUg=15 ), = Spg NSy g

and then linearity and continuity imply that S(..g.)p0(f)S(, ;) = Po(f©0(ug.)-) When-
ever f is supported on Dom(,4,)). Routine calculations show that S,S, = Sq and
Se = Sk forall a,b € Sg g. So (po, S) is a representation of (0, S¢ g, £*) and it follows
that there is a homomorphism p : C*(Sq g X E®) — O(G, E) such that p(f) = po(f)
for all f in Co(E>) and p(lw ((ug.),2[v))) = Sutgs,, for all (i, g,v) € Sg p. In particular,
p o fixes the generators of O(G, E) and therefore p o m = idp(q,5) as required. O

We conclude this section by characterising exactly when G g is Hausdorff.

Proposition 6.6. Let E be a finite directed graph, and let (G, E) be a self-similar
groupoid action. Let Gg g be the groupoid of Lemmas[6.3 and[6-]]. Points [x,m, g,n,y]

and [w,p, h,q, 2] € Ga g are distinct but cannot be separated by disjoint open sets if and
only if both of the following hold

(1) z=w,y=2 m—n=p—q and glymy 7 hlyqy for alll >n,q; and
(2) for every l > n,q there exists A € s(y;)2* such that glymy - A = hlygy - A and
9lyerin = hly@or-

Proof. First, suppose that [x,m,g,n,y] and [w,p, h,q, z] are distinct but cannot be
separated by open neighbourhoods.

The range map r, the source map s and the co-cycle map ¢ : G,y — Z, defined
by ¢([x,m, g,n,y]) = m — n, are continuous mappings onto Hausdorff spaces, so since
[z,m, g,n,y] and [w,p, h, q, z] cannot be separated by open neighbourhoods, their im-
ages under r,s and c coincide. Hence z = w, y = z and m —n = p — ¢q. Since
[z,m,g,n,y] # [w,p,h,q,z], the definition of the equivalence relation of Lemma
forces glymy) # hlyg for all I > max(n,q). Therefore, (1) is satisfied.

For (2),let £ = y(n,l), and 7 = y(q,). Then [z, m, g,n,y] € Z(x(0,m)g-, gle, y(0,n)E),
and [z, p, h,q,y] is in Z(x(0,p)h-7, k|, y(0,q)7). Let v := y(0,n) = y(0,q)T and w :=
z(0,m)g-& = x(0,p)h- 7. By assumption, Z(w, gle,v) N Z(w, h|,,7) # 0, so there exist
u € s(y)E> and v € s(w)E™ such that gl¢ - u = h|, - u = v and [wv, |w|, gle, |7], yYu| =
[wuv, |w|, hls, |7], yu]. Hence, there exists k in N such that (g|e)|uox) = (Pl+])u(or). Thus
A :=u(0,k) € s(y)E* satisfies (2).

Now suppose that (I) and (2) hold. The last part of (Il) and the definition of ~
imply that [z,m,g,n,y] # [w,p,h,q,z]. Fix neighbourhoods U > [z,m,g,n,y| and
V > [w,p,h,q,z]. We must show that U NV # @&. By definition of the topology,
there exists [ > n, ¢ such that Z(z(0,m —n+1), glymu,y(0,1)) €U and Z(z(0,p —q+
1), Py, y(0,1)) € V. Fix A as in condition (Z) for this /. Then

U [2(0,m—n+Dglymy - (Az),m —n—+1+ A, glyman L+ AL y(0,)AZ]
= [37(0,]) —q+ l)h‘y(q,l) : ()\Z)7p —q+ [+ |)\‘7 h‘y(Q,l)A)7l+ ‘)\|7y(07 l))\Z} eV
for all z € Z[s()\)), so UNV # 0. O
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For the following corollary, we use the following terminology adapted from [7, Defi-
nition 5.2]: if (G, E) is a self-similar groupoid action on a finite graph E, we say that
a path A\ € E* is strongly fized by an element g € Gr(A) if g- A = X and gy = s()\).

Corollary 6.7. Let E be a finite directed graph, and let (G, E) be a self-similar groupoid
action. Then the following are equivalent.

(1) The groupoid Ge g is Hausdorff.

(2) The subgroupoid G¢, ;== {[z,m,g,n,y] € Gap | m = n} is Hausdorff.

(3) The subgroupoid {[g - x,0,¢,0,z] | x € E* and d(g) = r(z)} is Hausdorff.

(4) If g € G and y € E* satisfy g-y =y and glyon) 7 5(yn) for all n, then there
exists A € E* such that y € Z[\) and no element of \E* is strongly fixed by g.

In particular, if (G, E) is reqular then G g is Hausdorff.

Proof. Since G¢; p € Ga.p and G¢,  contains the subgroupoid of ([B), we have () —
@ = @).

For (8) = (@), we prove the contrapositive. So suppose that () fails with respect
tog € Gand y € Z[d(g)). That is g -y = y and glyon) # s(yn) for all n, but for
every \ such that y € Z[\) there exists u € s(\)E* such that Ay is strongly fixed by g.
Equivalently, for every [ > 0, there exists pu € s(y;) E* such that ¢g- (y(0,)u) = y(0,)u
and gy, = s(). Hence Proposition [6.6 implies that [y, 0, ¢,0,y] and [y, 0, d(g), 0, y]
are distinct but cannot be separated by open sets. Hence the open subgroupoid {[g -
x,0,9,0,2] | x € E* and d(g) = r(x)} is not Hausdorff.

For @) = (), suppose that (@) holds. Fix [z,m,g,n,y] and |[w,p, h,q,z] €
Ggg- It suffices to show that the conditions of Proposition do not both hold
for these points. To do this, we suppose that Proposition B.6(I) holds, and show
that Proposition B.6I2) fails. Let [ := max (n,q), let k := (glymp) " lyqn, and put
y' =<' (y). Since z = w, we have (g|ymp) -y = hlyqu - v and so k -y’ = y'. Moreover,
Ely©a) = ((9lyn) ™ Plyan) lyoa) = (glymira) " hlygira) 7 5Waia) for all a. So @)
implies that for large a € N and A € s(y,)E*, either k|, (00) - A 7# A or kly 0.0 7 S(A).
That is, for large a, for every A € s(y,)E*, either glymita) - A # hlygita) - A, OF
9lymirar 7 Plygi+a)r. Thus condition () of Proposition 6.0l fails for [z, m, g,n,y] and
[w, p, h,q, z] as required.

For the final statement, we show that if (G, F) is regular, then () holds. Suppose
that ¢ € G and y € E* satisfy g -y = y. Regularity gives n € N such that g
pointwise fixes Z[y(0,n)). Hence g|yon) pointwise fixes Z[y(n)). Since self-similar
groupoid actions are, by definition, faithful this implies that g|,..) = y(n) € G, So
the hypothesis of (@) is never satisfied, and so (4]) holds vacuously. O

We can characterise regularity of (G, F) in terms of of Gg g. Recall that a groupoid
G is principal if its isotropy bundle Iso(G) = {g € G : r(g) = s(g)} is equal to the unit
space g,

Proposition 6.8. Let (G, E) be a self-similar groupoid action on a finite directed graph
E. Then, (G, E) is regular if and only if QEE is principal.

Proof. Suppose that (G, E) is regular. Fix v € Iso(Gg g). Then v = [z,n, g,n, x] for
some x € E* n > 0 and g € G such that d(g) = r(<"(z)) and ¢ - ¢"(x) = ¢"(x).
By regularity, there exists k € N such that g|y(i1,n48) = S(¥n4r). By definition of
the equivalence relation ~ defining G g (see Lemma [6.3), we have [z,n,g,n,z] =

[z,n+k, s(xpir),n+ kx| € Qg{’E. Therefore, QEE is principal.
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Now, suppose that Q}T;E is principal. If ¢ € G and x € E* satisfy d(g) = r(x) and
g-x =z, then [z,0,¢,0, 2] € Iso(Gg ). Therefore, (z,0,¢,0,z) ~ (z,n, s(x,),n, z) for
some n. Hence there exists k > n such that g|.ox) = $(2n)|e(mr) = s(xx). Therefore,
(G, E) is regular. O

7. THE DUAL ALGEBRA OF A SELF-SIMILAR GRAPH

We now describe a second C*-algebra associated to a contracting, regular self-similar
groupoid action on a finite directed graph with no sources; namely the C*-algebra of
the Deaconu—Renault groupoid of the homeomorphism & : J — J of Section [l

Recall that if X is a locally compact Hausdorff space, and 7' : X — X is a local
homeomorphism, then Gx r is the set

Oxr = {(z,;m—ny) € X XZx X |m,n€No,T"(x) =T"(y)},
endowed with the topology arising from the basic open sets
2, mn, V) = {(@,m —n,y) €U x {m—n} x V | T"(z) = T"(y)}

The unit space is g§?}T = {(z,0,z) | z € X} and is identified with X. The groupoid
structure is given by

r(@,py) =, s(z,py) =y
(@.p.9)(y,0.2) =2(p+q,2) and  (2.p,y)" = (y.—p,).
It is not hard to check that
{Z(U,m,n,V) | T™|y and T"|y are homeomorphisms and 7" (U) =T"(V)}

is a basis of open bisections for the topology, so Gx r is étale. It is easy to see that it
is Hausdorff, and it is locally compact because X is.

Definition 7.1. Let E be a finite directed graph with no sources. Let (G, FE) be
a contracting, regular self-similar groupoid action. Let J and & be the space and
local homeomorphism of Definition and Proposition 1.3 We define G\G, g to be the
Deaconu-Renault groupoid Q\G, £ = G715, and we define (5(G, E):= C’*(C//\G, E), and call
this the dual C*-algebra of (G, E).

Let G, be the Deaconu—Renault groupoid associated to o : £~ — E~>°. Recall
from Section [3] the quotient map ¢ : £~ — J. Since qo & = o o ¢, we see that ¢
extends to a groupoid homomorphism ¢ : G, — QAG g which sends (z,k,y) € G, to
q(x, k,y) = (¢(x), k,q(y)). The next result will allow us to deduce properties of Gg g
from those of G,,.

Proposition 7.2. Let E be a finite directed graph with no sources and (G,E) a
contracting reqular self-similar groupoid action. For every y € E=°, q : (G,)y +—

(QGE)q(y) is a bijection, and q : G, — Ga g 1S proper.

Proof. Suppose z € J and m,n € N satisfy 6"(q(y)) = 6™(z) := w. Proposition [£5(1)
implies that o™ : ¢71(2) — ¢ 1(6%(w)) and o™ : ¢ L(q(y)) — ¢ (6% (w)) are
bijective for all & > 0. Thus there is a unique 2’ in ¢~!(2) such that o™"*(z') =
o™ t*(y), for all k > 0. Hence, (2/,m — n,y) is the unique element of (G, )y such that
A&, m — n,9)) = (5:m — 1, 4()).

The same uniqueness property shows that if x,y € E7>° and m,n,k > 0 satisfy
o™ (z) = o™ (y) and 6™ (q(z)) = 7" (q(y)), then o™(z) = o"(y). It follows that
Y Z(T,m,n,J)) = Z(E~>°,m,n, E=>°) for any m,n > 0. Since these sets form
compact open coverings of the respective groupoids, q is proper. O



KK-DUALITY FOR SELF-SIMILAR GROUPOID ACTIONS 33

We investigate when @(G, E) is simple. A groupoid G is minimal if {r(vy) | s(y) = «}
is dense in G for every z € G, and that an étale groupoid G is effective if the interior

of Iso(G) = {y € G | r(7) = s(7)} is G

Lemma 7.3. Let E be a finite directed graph. Let (G, E) be a contracting, regular
self similar groupoid action. If E is strongly connected and not a simple cycle, then
QGE is minimal and effective, and O(G, E) is simple.

Proof. Fixx € E=*°. Then {zu | p € E* and s(z) = ()} C {r(

x}. Since F is strongly connected, for every v € E*, there is u € E* such that s(u) =
r(v) and r(p) = s(x). Hence xuv € E~>°. Therefore, Z(v) N {r(y) | s(y) =z} # 0
and consequently G, is minimal.

By Proposition [2} for every z € E=, q : (Gy)z — (Gg.5)q(x) is surjective. Hence,
q(r((Gy)x) = 7((Gg.p)q(x)). Since g is surjective and continuous, 7((Ge g)q(x)) is dense
whenever 7((G,)x) is dense. Therefore, minimality of G, implies minimality of G¢ .

To see that QAG,E is effective, suppose that w € J satisfies 6" (w) = w. By Propo-
sition E5)(1), ¢™ maps ¢~ '(w) bijectively onto ¢~ (w). Since ¢~*(w) is finite, there
exists k& € N such that o™ (z) = x for all * € ¢ '(w). Let P, and P; denote
the sets of periodic points for o and & respectively. Then ¢ !'(P;) = P,. Hence,
¢ (U200 "(Ps)) = Upso 0 "(Ps). We have P, = U, cp- Uscsom=som g 1A}, and
so P,, and hence |J,~, 0 "(P5), is countable.

If g € Gap\J satisfies r(g) = s(g), then r(g) € U507 "(P5). Thus T(ISO(QAG,E)\j)
is countable. Since r is an open map, to show ISO(QAQ £)\J has empty interior, it suffices
to show no countable set in J is open. By the Baire Category Theorem, it suffices to
show that J has no isolated points. Since E is strongly connected and not a simple
cycle, every open subset of F~*° is infinite. By continuity and surjectivity of ¢, the
preimage of every nonempty open subset of 7 is open and hence infinite. Since q is
finite-to-one, it follows that no singleton in J is open. Hence J has no isolated points,
and consequently QAG, g is effective.

It now follows from [2, Theorem 5.1] that O(G, E) = C*(Q\G,E) is simple. O

7) |7 € Gy and s(7) =

8. KK-DUALITY VIA SMALE SPACES

In this section we establish our K K-duality result. We do this using a general result
of Kaminker-Putnam-Whittaker [12], which says that the stable and unstable Ruelle
algebras of any irreducible Smale space are K K-dual. We show that the stable Ruelle
algebra of the Smale space of Section [flis Morita equivalent to the C*-algebra O(G, E)
of Section[7], and that the unstable Ruelle algebra is Morita equivalent to the C*-algebra
O(G, E) of Section This, combined with the duality of the Ruelle algebras, gives
our main result.

Theorem 8.1. Let E be a strongly connected finite directed graph. Let (G, E) be
a contracting, regular self-similar groupoid action. Then O(G,FE) and (5(G, E) are
KK-dual in the sense that there are classes p € KK (O(G,E) ® O(G, E),C) and
B e KK'Y(C,0(G,E)® O(G, E)) such that

B ®o,p) b =g roeroce) 4 BOser k= —1dkko@E)00GE) -

In particular, K*(O(G, E)) 2 K,,1(0(G, E)) and K,(O(G, E)) = K**{(O(G, E)).
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8.1. The stable algebra. We will show that the groupoid C//\G, g of Lemmas 6.3 and [6.4]
is equivalent to the stable Ruelle groupoid G* x Z of the Smale space S of Section
The idea is to show that in fact G* x Z is equal to the amplification of G\G, g with respect
to the surjection 7 : S — J induced by the natural surjection of £Z onto E~*°. For
this, we first need to show that this 7 makes sense and is an open map.

Lemma 8.2. Let E be a finite directed graph with no sources. Let (G, FE) be a con-
tracting reqular self-similar groupoid action. Let [J be the limit space of Definition[3.3,
and let S be the limit solenoid of Definition[5.3. There is a continuous open surjection
7:8 — J such that 7([x]) = [... 2 _3x_sx_4] for all v € EZ.

Proof. Let 0 : S — J be the homeomorphism of Proposition B4l Let P; be the pro-
jection map P, : Jo, — J given by Pi([x1], [x2], [23],...) = [21]. Then P; is continuous
by definition of the projective-limit topology, and surjective because & is surjective. By
definition of the topology on J., the sets Z(W,n) := {([z1], [z2], [z3],...) | [za] € W}
indexed by pairs (W, n) consisting of an open W C .J and an element n € N constitute
a basis for the topology on J.. Since & is surjective, each P(Z(W,n)) = ¢"(W),
which is open. So P; is an open map. Hence 7 := P; 0 is a continuous open surjection
from S to J. It satisfies 7([z]) = [...x_3x_oz_1] by definition. O

If X is a locally compact Hausdorff space, G is an étale groupoid and 7 : X — G©
is a continuous open surjection, then we can form the amplification of G by 7 which,
as a topological space, is

G ={(x,v,y) € X xGx X | r(y) =n(x) and s(y) = 7(y)}

under the topology inherited from the product topology. Its unit space is (G™)©® =
{(z,7(z),x) | x € X} which we identify with X. The range and source maps are given
by r(x,v,y) = = and s(z,7v,y) = y. The multiplication and inversion are given by
(.7, y)(y,m,2) = (z,7,2) and (z,7,y)"' = (y,7"',2). By, for example, [8, (4) =
(1) of Proposition 3.10], the groupoids G and G™ are equivalent groupoids, and hence
C*(G) and C*(G™) are Morita equivalent by [19, Theorem 2.8].

Recall that the stable equivalence relation associated to a Smale space (S, d, 7,eg, \)
is the equivalence relation

G {(Em) €S X S| lim d(r(€), 7" (n)) = 0.
By [25, pg. 179], there exists €5 < es such that for any § < £,

G*:={(&,n) € S x S| there exists M € N such that

(8.1) d(T™(€),7™(n)) < & for all m > M}

For M > 0 we define
Gy =1En) [d(T™(),7™(n)) < € for all m > M},

endowed with the subspace topology inherited from & x §. We endow G* with
the inductive-limit topology obtained from the inductive limit decomposition G* =
U (G2ar)- Tt is straightforward to check this agrees with the topology on G* de-
scribed on [27, pg. 282].

We now give a description of the stable equivalence relation and its topology for the
Smale space (S, ds, 7, €s, 5) that will help us in proving the amplification ég  and the
stable Ruelle groupoid G* x; Z are isomorphic.
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Lemma 8.3. Let E be a finite directed graph with no sinks or sources and (G, E) be
a contracting, reqular self-similar groupoid. Let (S,ds,T,¢s, %) be the Smale space of
Corollaryl5 8. Let ¢ be as in Theorem[].3 and let €'s be a constant such that ([81]) holds

for all 6 < €. Let f = min{e, els}. For each m € N, let

Gy ={([z], [y]) € S x S| [z(—00, =m)] = [y(—00, —m)]}.
Then there exists k € N such that, for every m € N, we have G, C G}, € G5 -
Points [x],[y] € S are stably equivalent if and only if there exists m € N such that
[z(—00, —m)] = [y(—o0, —m)]|. The topology on G* is equal to the inductive limit
topology for the decomposition G° =, G;

Proof. To see that G, C G3,, fix 2,y € E” such that ds([7"(z)], ["(y)]) < g for all
n > m. Fix n > m. Then

d([x(=00, =n)], [#(=00, —n)]) = d([7" (x) (=00, 0)]
d

By definition of e,

2d([z(—o00, —n)], [#(=00, —n)]) = d(a([z(—00, —n)]), 3 ([y(—00, —n)]))
= d([z(—00, =(n + 1))], [2(=00, =(n +1))])
Hence
(o0, ~m)], [2(—00, ~m)]) = 2" "d([a(~00, )], [r(~o0, ~m)}) < 2"
Since n > m was arbitrary, we deduce that [x(—oo0, m)] = [y(—o0, —m)].
Fix k € N such that (3)* < 8. We show that GS C G3 i Fix 2 ,y € E? such
that [z(—oc0, —m)] = [y( 0o, —m)]. Then, [7"(z)(—00,l)] = [1"(y)(—00,1)] for all

Il —n < —m. Therefore,
ds(7"[a], 7)) = sup (277" (x) (~00, D], [r"(y)(~o0, )]) < 270,

I>n—m

So, whenever n > m + k, we have ds(7"[z],7"[y]) < 27% < B. Therefore, ([],[y]) €
G5 ke O
Bm+k

Recall that the stable Ruelle groupoid is the skew groupoid for the action of Z on
the unit space of GG°. That is,

G x:Z={(&n,n)eSxXLxS|(T"&),n) G}

Theorem 8.4. Let E be a finite directed graph with no sinks or sources. Let (G, E)
be a contracting, reqular self-similar groupoid action. Let 7 :S — J be the continuous
open surjection of Lemma [82, and let T : S — S be the homeomorphism of Corol-
lary (2.8, Then there is an isomorphism K of the stable Ruelle groupoid G* Xz Z onto
the amplification G&  of the dual groupoid of (G, E) by 7 satisfying ([z],n, [y]) =
([=], (7 ([x]), n, 7([y])), [y]) for all ([z], n, [y]) € G* %+ Z.

Proof. For z € EZ and n € N, we have 7(7"([2])) = [2(—00, —n)]. Hence Lemma B3]
gives ([z],n,[y]) € G* if and only if 7 (77" ([z])) = 7(7™([y])) for some m € N such
that m—l—nz 0. Since w o 7™ = ¢™ o 7 for any m € N,

(8.2) ([eln ) € = (2], F([a]),n 7 (W), W) € G

Hence there is a bijection k : G* Xz Z — ég  satisfying the desired formula.
We show k is continuous. Extend of kK toamap & : SXZ xS - SX T XZxJ xS by
R((&n,n) = (& (7(§),n,7(n)),n). Then & is continuous. For M € N and n € Z such
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that M +n > 0 the restriction of k to G5, %z {n} = {([z],n, [y]) | (7"([z]), [y]) € G5}
has co-domain contained in

S*Gap M 8 = {([a], (F([al),n, 7 (W), ) | 68 (F([2]) = 6™ (7 ([y))}-

The subspace topology of G5, Xz {n} relative to G* x; Z is equal to the subspace

g(M‘f'n M)

topology relative to S X Z x S, and the subspace topology of S * xS relative

to QQ £ is equal to the subspace topology relative to S X J X Z x J x S. So, continuity
of & implies that k : G5, Xz {n} — S % Q(M+" M)« S is continuous. Fix n € Z. The
universal property of the mductlve limit topology on G* x; {n} = Uprinso Gir X5 {n}
implies that x is continuous on the clopen subspace G* x; {n} C G* x; Z, for each n
in Z. Hence, k is continuous.

Since S * Q GMEM) 4 S and G5, Xz {n} are compact, and since k~1(S * Q GUMEnM)

S) C G5 Xz {n}, and @\gE UntansoS * g GO M) 4 S the map & is proper. Since
proper continuous maps between locally compact Hausdorff spaces are closed, k is a
homeomorphism. O

Corollary 8.5. Let E be a finite directed graph with no sinks or sources. Let (G, E) be
a contracting, reqular self-similar groupoid action. Then the dual C*-algebra (5(G, E)
of Definition [7.1] is Morita equivalent to the stable Ruelle algebra C*(G*® x Z) of the
Smale space (S,7) of Corollary 50

Proof Since 7 : § — J is an open map by Lemma[8.2] [8, Proposition 3.10] shows that
QG g 1s groupoid equivalent to QG g. Therefore [19, Theorem 2. 8] shows that C’*(QG E)

is Morita equivalent to C’*(ga g). Theorem [R.4] shows that C’*(QG’ ) is isomorphic to
C*(G*® x; Z), which is precisely the stable Ruelle algebra of (S, 7). O

8.2. The unstable algebra. We now need to show that the unstable Ruelle algebra of
the Smale space (S, 7) is Morita equivalent to the C*-algebra O(G, E). Our approach
again is via groupoid equivalence. We use Putnam and Spielberg’s construction of an
étale groupoid Gqﬁx} Xz Z corresponding to a choice of orbit in §. We will show that this
groupoid is isomorphic to a suitable amplification of the groupoid G¢ g of Lemma [6.3]
To do this, we shall need an alternative description of the unstable equivalence relation
and its topology, which we provide in the next lemma.

For M € N and ¢ > 0, let GZ), = {(n,§) € SxS | ds(77"(n), 7 ™(&)) <
e for all m > M}. By [25, pg. 179], there exists €5 < g such that for every ¢ < &,

we have
. u
=Jétu
M

in the inductive-limit topology. This agrees with the topology on G* on [27, pg. 282].

Lemma 8.6. Let E be a finite directed graph with no sinks or sources. Let (G, E) be a
contracting, reqular self-similar groupoid action. Let €' be as above, and let € be as in
Theorem[{.3. Let 8 = min{e,es}. Let F be the smallest finite set containing N U N?
that is closed under restriction. Then, there is an | € N such that for every M € N,
we have

Gir € Gy € Gj ppyy, where

Y ={(yl,[x])) eSxS| g€ F:g-2(M+1,00) =y(M+1,00)}.

More precisely, if (n,§) € Gy, then for any representatives y,x such that [y] = 7,
[z] =&, there is an element g € F such that g - x(M + 1,00) = y(M + 1, 00).
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In particular, [x] and [y] in S are unstably equivalent if and only if there is an M € N
and g € G*(xp) such that g - x(M +1,00) = y(M + 1,00), and the topology on G* is
equal to the inductive limit topology provided by the decomposition G* = J,, GY;.

Proof. Fix M € N. We first show G ,, C GY,. Suppose ([z], [y]) € G ;. For m € Z,
let 2™ := [x(—o00, m)] and y™ [y( 0 ,m)]. By definition of the metric dg, for every
m > M,

("™, y™) = d([r"(x)(=00, 0)], [T (y) (=00, 0)]) < ds(7~"([z]), 7" ([y])) <5

Since 8 < &, Theorem £3(1) gives d(z™,y™) = d(c(z™),a(y™ ™)) = 2d(z™ !, y™+1)
for all m > M. So d(xM*s yM*s) (%) d(@™, yM) for all s > 0. Hence a :=
w, satisfies yM+s € B(zM*5 (1)%a) for every s €> 0.

Fix n € N as in Lemma and k£ € N as in Proposition Since a < ¢,
Lemma A.6/(1) yields w € E* such that |w| > n — 1 and B(z™,a) C U,,.

Since 5(zM*1) = 2™ and |w| > n —1 > k — 1, Proposition EL5(3) gives e € E' such
that s(w) = r(e) and 2™ € U,.. Since B(z™ a) C U,, Lemma implies that
B(zM+1,1a) C U,

Applymg the argument in the above paragraph inductively gives paths {jis}sen such
that pis41 = pis€s41, for some edge e,y1, and that B(x™ ™+ (%)Sa) C Uy, for all s € N.
Since yM** € B(zM**,(3)*a) for each s € N, we obtain z** yM*s € U, for each
s € N. Therefore, there exist sequences {gs}sen, {hs}sen in N such that d(gs) =
d(hs) =71(ps), gs - ps =x(M +1, M +s), and hg - us = y(M + 1, M + s) for all s € N,
Let z € E™ be the unique element of [, Z[u,). Choose an increasing subsequence
{ns}sen such that (g, )s and (h,,)s are constant sequence, with constant values g and
h, say. Then g-z = x(M + 1,00) and h -z = y(M + 1,00). Sot:=hg ' e N2CF
satisfies t - (M + 1,00) = y(M + 1, 00). Therefore, ([y], [z]) € GY,.

Take I3 € N such that for all g € F' and pu € d(g)E* such that |p| > 3 we have that
gl, € N. Fix I, € N such that diam(U,) < 18 for every path v with [v| > l,. Let
l:=1 +l. We show that G}, C G} /-

Take [z],[y] € S such that there exists ¢ € F such that d(g) = s(xp) and g -
(M +1,00) = y(M + 1,00). As above, let ™ := [x(—oc0, m)] and y™ := [y(—o0, m)]
for all m € Z. Let h = g|$(M+17M+ll). By the choice of [, we have h € N. Since
h-x(M+1y,00) = y(M+1;,00), it follows that aMThtm o M¥htm e Ty v 4m)
for all m € N. By the choice of Iy, we have d(zM*htm yM+htm)y <13 for all m >
l. So, for all s > M + 1 and k > 0, we have (3)*d(z***,y***) < 13. Therefore,
ds(7*([z]), 7*([y])) = supgen, (3)"d(z k+3 Yy < i < B for all s > M + [, forcing
(W], [x]) € G arsy- Hence Gy © G -

We have established that [x] and [y] are unstably equivalent if and only if there exist
M € Nand g € Fs(xy) such that g-z(M+1,00) = y(M+1,00). If [z],[y] €S, Nin N
and g € Gr(xy) satisfy g-x(N+1,00) = y(N+1, 00), then, since (G, E) is contracting,
there exists M > N such that & := glyvsimy) € N C F and h-2(M +1,00) =
y(M +1,00). This proves the penultimate statement of the lemma.

Since I is closed under restriction, G, C G, for all M € N. Hence the inductive
limit topology with respect to the decomposition G* = J,, G, is well defined. Since
Gia C Ghr C GE ypyy for all M € N, this topology is equal to the one provide by the
decomposition G* = {J,, G5 - O

N [

Let (X,7) be an irreducible Smale space, and recall that G* x Z = {(n,[,{) €
X xZxX:(r7n),&) € G*}. In [27], Putnam and Spielberg show that, given any
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point x € X, the groupoid G x Z defined as
(8.3) GE % Z = {(n.e) € G X Z| (w,m), (w,2) € G},

endowed with a suitable topology, is an étale groupoid that is equivalent to G* x Z
when (X, 7) is mixing, and use this to study the unstable C*-algebra of a Smale space
up to Morita equivalence. We will make use of the same technique here.

Let E be a finite directed graph with no sinks or sources, and let (G, E) be a
contracting, regular self-similar groupoid action. Let (S,ds,7,¢s, %) be the Smale
space of Corollary 5.5l Let > 0 and k € N be as in Lemma 83l Consider x € EZ. In
line with [27], the global stable equivalence class

(8.4) S([2]) = {€ e S: ([z],§) € &°}
is endowed with the inductive-limit topology coming from the decomposition S*([z]) =
Uns S5.ar([2]), where

Spu(l]) ={§ € S | ds(7"([2]), 7"(€)) < B, Vn = M}
is given the subspace topology relative to §. For M € N, define

Si([z]) = {ly] € § : [#(—00, M)] = [y(—o00, M)]}.

Then Lemmal8.3 implies that S ,,([z]) € S3/([z]) € S5 yr,4([7]). Hence, the inductive-
limit topology on S§*([x]) is equivalent to the inductive-limit topology for the decom-
position S§*([z]) = J,,; Si;([x]). Note that S*([x]) is not compact in this topology even
though & is compact.

We equip the groupoid Gy xZ = (G* % Z)N(S*([x]) x Z x §°([«])) with the topology
with sub-basis

{Unr (V)N s ' (W) |U CG* % Z and V,W C §°([z]) are open}.

Fix a periodic orbit P = {#(py) : | € Z} = {F(po) : 0 < 1 < N} of 7. Then
S°(p) N S°(q) = O for distinct p,q € P. So S*(P) := U,pS*(p) is the topological
disjoint union of the sets S*(p). Consider the groupoid G*(P) x Z := (G* x Z) N
(S8*(P) x Z x 8*(P)). As in the preceding paragraph, we give G*(P) x Z the topology
with sub-basis

{UNr = (V)Ns™ (W) | U C G*x Z and V,W C S*(P) are open}.

Then G“(P) x Z is a locally compact étale Hausdorff groupoid [12, Section 3|, and
G"(P) x Z is groupoid equivalent to G* x Z [26], Section 2].

We claim that for any p € P, the subset G, x Z is also a locally compact Hausdorff
groupoid that is equivalent to G* x Z. Indeed, the open subgroupoid G*(P) X Z|ss() =
{9 € GY(P)xZ:7(g),s(g) € S°(p)} is equal to G} x Z, and the relative topology of
G, ¥ Z inherited from G*(P) x Z is equal to the topology on G x Z described above.
Hence G}, X Z is a locally compact étale Hausdorff groupoid.

We show G x Z is equivalent to G*(P) x Z, and hence to G* x Z. Since H = {g €
G"(P) X Z :r(g) € S*(p)} is a clopen subset, it follows from [19, Example 2.7] that
H implements a groupoid equivalence between G x Z and G*(P) x Z if and only if
the source map restricted to H surjects onto S*(P). Fox ¢ € P and z € §°(q). There
exists n € N such that 7"(q) = p. So (7"(z),n, z) € H, proving surjectivity.

We describe an amplification of G g which we will prove in Theorem is Morita
equivalent to G* x Z.

For x € E”, we write

(8.5) Ef = {y € E” | y(—o00,—M) = x(—00, —M) for some M € N}.
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For M € N, let

Ef(M> = {y S EZ : y(—OO, _M) = .T(—OO, _M)}7
endowed with the relative topology inherited from EZ. We endow EZ with the inductive-
limit topology determined by this decomposition.

The map 7, : EZ — E* sending z € EZ to m,(2) = 2(1,00) is an open continuous
map (in fact, it is a local homeomorphism onto an open set in E*). It is a surjection
whenever E is strongly connected. We show that the amplification G’y is isomorphic
to for] x 7. We start by analysing the space FEZ.

We first prove that an element z € EZ is completely determined by its class [z] in
the limit solenoid & of Definition together with the tail ...z, sz, o2, 1 for any
n € Z.

Lemma 8.7. Let E be a finite directed graph with no sinks or sources. Let (G, FE)
be a contracting, reqular self-similar groupoid action. Let S be the limit solenoid of
Definition [5.3. Suppose that x,y € E% satisfy [x] = [y] € S, and suppose that there
exists n in Z such that x,, =y, for allm <n. Then x =y.

Proof. Fix n satisfying z,, = y,, for all m < n. Let k be as in Lemma [£.4] with respect
to the finite set F' = N'UG?. Since & ~,e y, Lemma 3.6 shows that there is a sequence
(gm)mEZ in A such that Im TmTm41 " = YmYm+1 - - - for all m € Z and gm|mm...xl,1 =
for all m < [. In particular,

9n " T-pnk-- - Tpn1=Ynk---Yn 1= _pnk.--T_pn_1.

Since v == r(x_,_x) € GO C F’ and also satisfies v-2_p,_p... T p 1 =T p_p...T p_1,
the choice of k guarantees that ¢im|s_, . oy =Vlo_, .2, =r(x,). We then have

Yn+1Yn+2 - -+ = Gn—1 " Tp41Tp42 - - -
- gm|x_n_k...x7n71 CTn41lp42 " =V Tpp1Tp42° " = Tn+1Tp42 - - -
Since we already have x,, = y,, for m < n, we conclude that = = y. 0

Lemma [R7] shows that for x € EZ the quotient map y — [y] from EZ to S restricts
to an injection EZ — S*([z]). We show that this is a homeomorphism with respect to
the inductive-limit topologies.

Lemma 8.8. Let E be a finite directed graph with no sinks or sources, and let (G, E)
be a contracting, regqular self-similar groupoid action. Fix x € EZ. The map y — [y] is
a homeomorphism from EZ onto S*([z]) with respect to the inductive-limit topologies

described at ([84) and (8H).

Proof. Fix n € N. Then y > [y] restricts to a bijection of EZ(n) onto S:([z]). By
definition of the inductive-limit topologies it suffices to show that this map is continuous
and open. For fixed n the set EZ(n) is compact because it is closed in EZ, and the set
S:([z]) is Hausdorff because S is. Since y + [y] is the quotient map, it is continuous
on EZ(n), and we deduce that it is a homeomorphism. O

We now analyse the topology of Gﬁ&] X Z, for any = € EZ.

Remark 8.9. For any m, M € N such that m < M, we have
b =G () A€ €8 xS ds(r™(n), 7€) < B}
k:m<k<M

Therefore, G, is open in G*, and consequently G4, » {I} :== {(n,1,£) : (77'(n),€) €
5.m) is open in G* x Z.
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Lemma 8.10. Let E be a finite directed graph with no sources, and let (G, E) be a
contracting, reqular self-similar action. Fiz x € E*. For k,m € N and |l € Z, let

Xiam = {([2], ], [y]) € G, ¥ {l} : 2(—00, =m) = y(—00, —m) = z(—00, —m)}.

Then, Xk im s an open subset of Gﬁc} X 7, and the relative topology it inherits from
Gﬁc} X Z coincides with the relative topology inherited from S X Z X S.

Proof. We have Xy = G, x {1} " (¢(EZ(m))) Ns~ ' (¢(EZ(m))). The first factor
is open in G* % Z by Remark B9 The image ¢(E%(m)) is open in 8*([x]) by Lemma R
Therefore, Xy, is open in Gf,) X Z. The topologies on G, % {l} and q(E%(m)) are the
subspace topologies relative to S X Z x & and to S respectively. Hence, for all triples
of open sets U C G* x Z and V,W C S°([z]), there exist open sets U' C S X Z x S
and V', W' C S such that

Xeim DU N (V)N s H W)
= (UnGhp > {1}) N (r (V) nr Y g(EZ(m)))) N (s~ (W) ns™H(q(E7(m))))
= X NU Nr Y (V) Ns™H (W),

Since r, s are continuous with respect to the subspace topologies, U'Nr=1(V')Ns~ (W)
is open in § X Z x S. Hence X}, ,,, has the subspace topology relative to S xZ xS. 0O

To lighten notation, for all z,y € EZ all m,n € N and all ¢ € G such that g -
o"(m.(y)) = o™ (mx(2)), we define

(86) [Z, m,qg,n, y] = (Z, [7T$(Z)7 m,g,n, 77'93(?/)], y) € ggofE

Notation 8.11. Give finite paths g, puy,v_ vy € E* such that s(u_) = r(uy),
s(v_) =r(vy), |u—| = |v_| and an element g € G with s(vy) = d(g), s(pus) = c(g), we
define

Z(p-py) = {z € By 2(=|p-, s ]) = pops
and 2(—00, —|_| — 1) = a(~o00, || ~ 1)},
and

Z(:u—:u-‘raga V—V-f—) = {[Z’ |M+|7ga |V—|’y] S gg{cE SRS Z(M—M-f—)ay S Z(V—V-F)}'

These two collections form a basis for the topologies on EZ, Gy, respectively.
We show that G¢7p and G; X Z are isomorphic.

Theorem 8.12. Let E be a finite directed graph with no sinks or sources, and let
(G, E) be a contracting, regular self-similar groupoid action. Fiz v € EZ. The map
0:Gerp — Gl X Z such that 0([z,m, g,n,y]) = ([z],m — n,[y]) is an isomorphism of
topological groupoids.

Proof. If [z,m, g,n,y| = [2/,m/,¢',n'y'], then z = 2’ and y = ¢/ by (86), and m —n =
m’ —n’ by definition of the equivalence relation defining G g. So there is a well-defined
map 0 satisfying 6([z, m, g, n,y|) = ([z], m — n, [y]).

If [z,m, h,n,y] € Z(u_py,g,v_vy) for g in the nucleus N, then g-y(|vy| +1,00) =
2(|vy |+ 14 (m—n),c0). LemmaR.Gyields I € N such that ([ ,m—n,y]) € G, %

{n— m}. We have ([, m—n, ) € = (@(Z(a_pe))) N5~ (@ Z0w1)), w0 (2 —
1, [Y]) € Xjus 1, |—fv |, Jv_|- Hence,

(8.7) 0(Z(p—pty, 9,v-11)) C Xp 4t s =i o 9 EN.
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Hence 0(G¢') C Gy ¥ Z.

It is straightforward that @ is a groupoid homomorphism.

We show that € is continuous. It is enough to show that # restricts to a continuous
map from Z(p_piy, g,v-vy) t0 Xy, 41, up|—jvsl v for all py,pu_ vy v as in Nota-
tion BIIl By Lemma BI0, X, |41,u|-|v.|v_| has the subspace topology inherited
from § X Z x S, so it suffices to show that 6 : Z(u_puy,g9,v-vy) — S XZ x S is
continuous.

Let ([zx, ma, hx, nx, Ya])aea be anet in Z(u_py, g, v_vy) converging to [z, m, h,n,y].
Since r, s are continuous, it follows that zy — z in Z(p_py) and yy — y in Z(v_v,).
Since Z(p_py) and Z(v_vy) carry the subspace topologies relative to EZ, we have
yn — y and z, — z in EZ. Since the quotient map ¢ : EZ — S is continuous,

([2a], ma = ma, [ya]) = (2], ma = o, [y]) = ([2], m —n, [y])

in S x Z x §. Hence, 0 is continuous.

Now, we show that € is an open map. It suffices to show that each 0(Z(p_p, g,v_v,))
is open.

By (87) and Lemma [RI0, it is enough to show that 0(Z(u_p+,g,v_vy)) is an open
subset of X|u, |41, s |—lvsllv_|- Write n = |vy|, m = |puy| and k = |v_|. Let

X={(z],m—n,[y)) | 3h € F:h-z(m+14+1,00) =y(n+1+1,00)
and x(—o0, —k) = z(—00, —k) = y(—o0, —k)}.

Then Lemmal88 gives X, 4 m_nir C X. So it suffices to show that 6(Z (u_jy, g, v_vy))
is open in the relative topology inherited from S;([z]) x {m — n} x Si([z]).

Let ¢ be the number from Lemma 4] applied to the set ' = E° UN UN?. Let
L=max{(m+1+1+c),k,(n+1+1+¢)}. Fix (u,m,g,n,v) € Z(pu_py,g,v-vy). Let
W = q(Z(u(—L,—1)u(l,L))) x {m —n} x ¢(Z(v(—L,—1)v(l,L))). Then W is open
in S;([z]) x {m —n} x S;([z]). We show that W N X C 0(Z(u_jiy, g, v_vy)).

Fix a,b € EZ m,n € N and h € F such that h-a(m + 1+ 1,00) = b(n +1 +
1,00) and z(—o00, —k) = a(—o0, —k) = b(—o0, —k). Suppose that ([a],m — n,[b]) €
W NX. For L > m,n,k, the paths p_ju.,v_v, are subwords of u(—L,—1)u(1, L),
v(—L,—1)v(1, L), respectively. Therefore, since ¢ : EZ — 8*([x]) is bijective (Lemma
BE), that ([a],m — n, [b]) € W implies that a € Z(u_py) and b € Z(v_vy). It only
remains to show that g - a(m + 1,00) = b(n + 1, 00).

By the choice of L, we have a(m+1+1,m+{+c) =u(m+I+1,m+I+c) =:pand
g|u(m+1,m+l+1) P = h - p. By the choice of ¢, wWe have g|u(m+1,m+l+c) = h|a(m+l+1,m+l+c)-
Therefore,

g- a(m + 17 OO) = U(TL + 17 n—+ [ + C)(g|u(m+1,m+l+0)) ' a’(m + l +1+ C, OO)
b(n + 1,1+ L+ ) (hlagmst1m140) - alm + L+ 1+ ¢, 00)
=b(n+1,00).

We have shown that the open neighbourhood W N X of 6([u, m, g, n, v]) is contained in
O(Z(p_puy,g,v_vy)). Therefore, O(Z(pu_py,g,v_vy)) is open, and hence # is an open
map.

Now, we show that 6 is a bijection. We first show injectivity. Since ¢ : EZ
S*([z]) is a bijection, 6([z,m, g,n,y]) = 0([z',m/,¢',n',y']) implies z = 2/ and y = ¥/'.
Since m —n = m' —n' = [, for k large enough, we have glymx) - y(k + 1,00) =
Gy k) - y(k +1,00). By regularity, g|ymx) = ¢'|ym, k) for some K > k. Therefore,
[2,m, g, n,y] = [/, m', g/, 0/, .
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Finally, we show surjectivity. Fix ([z],/, [y]) € G};; ¥ Z. By Lemma B.G] there exist
M € Nand g € F such that M +1>0and g-y(M+1,00) = z2(M +1+1,00). Hence
(2, M +1, 9, M, y] € Gg'py satisties 0([z, M +1, g, M, y]) = ([z], , [v])- m

Corollary 8.13. Let E be a finite strongly connected directed graph, and let (G, E)
be a contracting, reqular self-similar groupoid action. Then the C*-algebra O(G, E) of
Section [@ is Morita equivalent to the unstable Ruelle algebra C*(G" x Z) of the Smale
space (S,7) of Corollary[5.3.

Proof. Fix x € E” such that [z] is periodic under the action of 7. Since F is assumed
strongly connected, Corollary implies (S, 7) is irreducible. Thus, as shown above
Lemma B.I0, G* % Z is groupoid equivalent to GE‘I] X Z. Hence C*(G" x Z) is Morita
equivalent to C*(G;; x Z). Theorem B.I2implies that C*(G},) x Z) = C* (G&p). Since
E is strongly connected, 7, is an open surjection, so [8, Proposition 3.10] implies that
C*(Gg,k) is Morita equivalent to C*(G¢7f,), and Proposition .5 shows that O(G, E) =

C*(Gg,E). Stringing these isomorphisms and Morita equivalences together gives the
desired Morita equivalence C*(G" x Z) ~\e O(G, E). O

Remark 8.14. If E is not strongly connected, then 7, is not necessarily surjective, and
G is only groupoid equivalent to the reduction Gg, Elr,(52) of Go,p to the image of 7,
which is open. However, if G g is minimal, then Gg |, (gz) is still groupoid equivalent
to Ga k-

We can now prove our main theorem.

Proof of Theorem [8.1. Corollary shows that (S,7) is an irreducible Smale space.
So Theorem 1.1 of [I2] shows that there are classes § in KK'(C,C*(G* x Z) ®

C*(G* x Z)) and A in KK'(C*(G* x Z) ® C*(G* x Z),C) such that 6@c-(guxz)A =
idk (o (G5 12,0+ (Go 7)) AN 0Rn(Gsnzy A = — Idi (o (Gunz).c* (Gunz))-

Corollary B3 gives a Morita equivalence bimodule between O(G, E) and C*(G* X Z),
which induces a K K-equivalence & € KK (@(G, E),C*(G* x Z)). Likewise Corol-
lary gives a K K-equivalence a in KK (O(G, E),C*(G" x Z)). So the Kasparov
products

B=(GRa)®ID(G®a)™t and pu=(G®a)dAR®(G®a)™
implement the desired duality. O
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